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Abstract.

The Reuven Ramaty High Energy Solar Spectroscopic Imager (RHESSI) images
solar hard X-rays and gamma-rays from 3 keV to 15 MeV with spatial resolution
as high as 2.3 arcseconds. Instead of using conventional optics, imaging is based on
nine rotating modulation collimators that time-modulate the incident flux as the
spacecraft rotates. Starting from the arrival time of individual photons, ground-
based software then uses the time-modulated signals to reconstruct the image of the
source.

The purpose of this paper is to convey both an intuitive feel and the mathematical
basis for this imaging process. Following a review of the relevant hardware, the imag-
ing principles and the basic back-projection method are described, along with their
relation to Fourier transforms. Several specific algorithms (CLEAN, MEM, PIXONS
and Forward-Fitting) applicable to RHESSI imaging are briefly described. The
characteristic strengths and weaknesses of this type of imaging are then summarized.

Keywords: Sun : X-rays — Sun : Flares — Instruments — Image Processing —
Numerical Methods

1. Introduction

The primary scientific objective of the Reuven Ramaty High Energy
Solar Spectroscopic Imager (RHESSI) is the study of energy release and
particle acceleration in solar flares. This is accomplished by imaging-
spectroscopy of solar hard X-rays and gamma-rays over a 3-keV to
15-MeV energy range with energy resolution of ~1 keV, time resolution
of ~2 s or better and spatial resolution of 2.3 arcseconds.
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2 HURFORD, SCHMAHL, ET AL.

The only practical method of combining such angular resolution
with high sensitivity in this energy regime and within the cost, mass
and launch constraints of a small satellite is to use collimator-based
Fourier-transform imaging. (See Prince et al., 1988 for a review of
imaging techniques.) One of the most powerful of the Fourier fam-
ily of techniques is rotational modulation synthesis, first proposed by
Mertz (1967) and implemented by Schnopper et al. (1968) for non-solar
observations.

In a solar context, previous related instrumentation included the
Hard X-ray Imaging Spectrometer (HXIS) (Van Beek et al., 1980), a
direct-imaging hard X-ray telescope flown on the Solar Maximum Mis-
sion. Although its multigrid collimator achieved 8 arcsecond resolution,
its one-to-one association of imaging pixels to detector elements seri-
ously limited its sensitivity. A Rotating Modulation Collimator (RMC)
was used for solar flare X-ray imaging on the Hinotori mission tele-
scope (Makashima et al., 1977; Ohki et al., 1982; Enome, 1982), with
angular resolution of 28" in the 20-40 keV energy range. Subsequently,
the Hard X-ray Telescope (HXT) on the Yohkoh satellite used non-
rotating Fourier synthesis with angular resolution of ~ 8" in the 20-100
keV energy range (Kosugi et al., 1991). A balloon-borne solar rota-
tion modulation telescope, the High Energy Imaging Device (HEIDI)
(Crannell et al., 1994) was used as a vehicle for making several im-
portant engineering advances in this area, including the demonstration
of a high-bandwidth, high-resolution solar aspect system and the de-
velopment of error-analysis techniques for the RMC optical design.

Among the new features of RHESSI imaging are its high (2.3")
angular resolution, its use of aspect knowledge in place of precision
pointing, its wide energy range viewed with a common set of ‘optics’,
its relative immunity to alignment errors and its ability to self-calibrate
its instrumental response.

An overview of the RHESSI mission is provided by Lin et al., 2002.
The purpose of this paper is to describe the concepts and techniques
of RMC imaging as implemented on RHESSI with the hope that an
intuitive understanding of the strengths and weaknesses of these tech-
niques may prove useful both to the making and evaluating the results
of such imaging for the analysis of solar flares.
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Figure 1. Perspective of the RHESSI Telescope. The key imager components are two
identical sets of nine grids, mounted on the front and rear grid trays. A corresponding
set of nine germanium detectors (not shown) is mounted behind the rear grids. The
solar aspect system (SAS) consists of three lenses mounted on the front grid tray
which focus optical images onto SAS CCD’s on the rear grid tray.

2. The RHESSI Imager—A Brief Hardware Description

2.1. THE SUBCOLLIMATORS

The RHESSI imaging hardware is described in detail by Zehnder, Fi-
vian and Henneck, 2002. A schematic view, shown in Figure 1, shows
a set of nine bi-grid collimators, each consisting of a pair of widely
separated grids in front of a non-imaging X-ray/gamma-ray detector.
Each grid consists of a planar array of equally-spaced, X-ray-opaque
slats separated by transparent slits. The slits of each pair of grids are
parallel to each other and their pitches (p) are identical.

As illustrated in Figure 2, the transmission through the grid pair
depends on the direction of the incident X-rays. If the direction of
incidence is changed as a function of time, the transmission of the grid
pair is modulated in time as the shadow of the slits in the top grid al-
ternately overlays the slits or slats in the rear grid. For slits and slats of
equal width, the transmission is time-modulated from zero to 50% and
back to zero. One cycle of this periodic transmission occurs for a change
in source angle (in the plane orthogonal to the slits) of p/L where L
is the separation between grids (1550 mm). The angular resolution is
defined as p/(2L). For off-axis sources, changing the angle between the
source and collimator is achieved by rotating the spacecraft at about
15 revolutions per minute. The nominal parameters of the RHESSI
grids are listed in Table 1. Details of the grid geometry, calibration and
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4 HURFORD, SCHMAHL, ET AL.

response as a function of energy are given in a forthcoming paper by
Hurford et al.

Table I. RHESSI — Nominal Grid Parameters

Subcollimator Number 1 2 3 4 5 6 7
Pitch (mm) 0.034 0.059 0.102 0.177 0.306 0.530 0.918
Slit Width (mm) 0.020 0.035 0.061 0.106 0.184 0.318 0.477
FWHM Resolution (arcsec) 2.26 3.92 6.79 11.76  20.36 35.27 61.08
Max. Transmission 0.60 0.60 0.60 0.60 0.60 0.60 0.52
Grid thickness (mm) 1.2 2.1 3.6 6.2 10.7 18.6 6.2
Slat Material Mo \W% \W% \W% \W% w \W%
Field of View (degrees) 1.0 1.0 1.0 1.0 1.0 1.0 4.4

2.2. OTHER SUBSYSTEMS

The role of the detector and data system is to record the arrival time
and energy of each photon detected, allowing the modulated count rate
to be determined as a function of rotation angle.

The detectors, described by Smith et al. (2002), are high-purity
germanium crystals, each electrically divided into front and rear seg-
ments. The front segment is sensitive from ~3 keV to ~200 keV while
the thicker rear segment continues the response to 15 MeV while be-
ing shielded from the potentially intense flux of low-energy X-rays.
Since the detectors have no spatial resolution, they were optimized for
high sensitivity and energy resolution. The detectors are mounted in a
cryostat in which they are mechanically cooled to ~75 K.

The detector output pulse for each detected photon is amplified,
shaped and digitized, and passed to the Instrument Data Processing
Unit (IDPU) (Curtis et al., 2002). The IDPU stores each datum as a
32-bit event word incorporating the detector ID, a 14-bit energy tag
and the arrival time. This time is noted with 1 microsecond resolution
to enable all combinations of coincidence events to be inferred during
data analysis. A 4-Gbyte solid-state recorder, corresponding to almost
~ 10° events, stores the data for periodic downloading. As described
by Bester et al. (2002), an average of about 1.8 Gbytes per day is
transmitted.

A high-bandwidth solar aspect system (SAS) (Zehnder et al., 2002)
permits substitution of accurate pointing knowledge for pointing sta-
bility, which need only be controlled to arcminutes. The SAS consists
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Figure 2. Schematic geometry of the RHESSI subcollimators, showing representa-

tive incidence of photons with respect to the collimator axis.

of 3 lenses in the front grid plane that focus solar images onto a set of 3
linear diode arrays in the rear grid plane. The solar limb is determined
at 6 positions at rates up to 128 Hz, giving pitch and yaw to ~0.4"rms.

Roll aspect is provided by one of two roll aspect sensors. Imaging to date
has used a photo-multiplier tube based system (PMTRAS), described

by Hurford and Curtis (2002). This system notes the times at which
bright stars are detected in the plane perpendicular to the earth-Sun

line to determine absolute roll to ~ 1 arcminute. An alternate roll
aspect system (RAS) (Zehnder et al., 2002), based on a similar concept

but using a linear photodiode, is also available.

The data handling concept outlined above must accomodate high
count rates where the finite reponse time of the detector and data
handling system become relevant (Smith et al., 2002). This accomo-
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6 HURFORD, SCHMAHL, ET AL.

dation employs four techniques, the goals of which are to preserve
the sensitivity to rare high-energy gamma rays while maintaining the
ability to image lower energy X-rays, whose incident count rate can be
~12 orders of magnitude higher.

The first technique is to apply corrections for the estimated dead
time of the detector/electronics. Spare bits in the event words are used
to encode the dead time with 512 microsecond time resolution, so as
to follow the effects of modulation.

Second, as the dead time becomes larger, on-board software com-
mands either or both of two sets of nine aluminum attenuators to be
mechanically inserted between the rear grids and the detectors. The
attenuators preferentially reduce the flux of low-energy photons while
having no effect over ~100 keV.

Third, when count rates become sufficiently high that they do not
adequately characterize the modulation, an additional data handling
method, capable of handling higher count rates, is automatically ac-
tivated. In this ‘fast rate mode’, undigitized front detector counts are
binned into 4 energy channels with time bins that are sufficiently short
so as to preserve the modulation. This permits imaging at higher count
rates than photon tagging.

The fourth and final feature is used to deal with the finite memory
size. As the memory becomes filled, a decimation scheme is enabled
which digitally discards a fixed fraction of front-segment events below
an energy threshold. Both the fraction and the energy thresholds are
programmable. Although the discarding does not bias the character-
ization of the modulation, it does compromise the use of front-rear
concidences.

Two features of the detector response, discussed by Smith et al.
(2002), are particularly relevant in practice in an imaging context. The
first is that substantial data gaps (up to several hundred milliseconds)
are observed. Since these gaps have a characteristic signature, the time
and duration of their occurrence can be ‘predicted’ and are interpreted
as periods of zero live time. The second is pileup (whereby two or more
low-energy photons arrive simultaneously and are indistiguishable from
a single high-energy photon), which has long been a complication for
spectroscopy. Pileup also introduces artifacts in the imaging as well
at very high count rates. Since pileup counts are generated at a rate
corresponding to the square of the detected low-energy count rates,
the pileup counts are also modulated. This can result in ‘ghost images’
representing low-energy photons appearing in images nominally formed
from high-energy photons.
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THE RHESSI IMAGING CONCEPT 7

3. Modulation Principles

3.1. THE MODULATION PROFILE

As we have seen the RHESSI imaging hardware uses a set of rotating
collimators to time-modulate the detected flux. To understand how
this encodes imaging information, it is conceptually useful to adopt
the perspective of a rotating coordinate system fixed on the collimator
(as in Figure 2). In the typical case of a source that is slightly offset
from the collimator axis, the source then moves in a circle about this
axis. The component of source motion parallel to the slits does not
cause modulation so that the only relevant component of the source
motion is its simple harmonic motion perpendicular to the slits. For a
single source, the various panels in Figure 3 show how the resulting
modulated count rates (modulation profiles) depend on the source
intensity, location and size. In practice, however, there are multiple
sources, whose sum yields an observable waveform as shown in the last
panel in Figure 3. Thus the central data analysis task for RHESSI
imaging is the inverse problem of deducing the source geometry, given
a set of observed modulation profiles from the different subcollimators.
Much of the remainder of this paper will be devoted to the approaches
taken to the solution of this problem.

We can set the stage for solving this inverse problem by digitizing
the modulation profile into a series of time bins, and by describing the
brightness distribution in the source plane as a pixelized image F,,
where F), is the photon flux (photons cm~2 s~!) from pixel m incident
on the RHESSI’s front grids.

Then the following formal equation shows that the expected counts
in the i** time bin is given by:

Ci = AZ Py Fin At; (1)
m

In this notation, Pj,, is the probability that a photon originating in a
pixel m and incident on the front grid will be counted in the i time bin
during interval At. (Note that since m is the index of a two-dimensional
map, P, is really a numerical “cube”.) Since P;,, can be calculated
from a knowledge of the grid properties and collimator aspect, the
inverse problem can be summarized as: Given a measurement of count
rates C; in each time bin, find the source map, F,.
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IDEAL RMC PROFILES OF GAUSSIAN SOURCES
UNIT FLUX, FWHM=0, (R,$)=(8+P,0) (P=PITCH=68")

HALF—UNIT FLUX, FWHM=0, (R,$)=(8+P,0)

VAN AR

UNIT FLUX, FWHM=0, (R,$)=(8+P,71/4)
O/ >

UNIT FLUX, FWHM=0, (R,$)=(12+P,0)

UNIT FLUX, FWHM=P /2, (R,¢)=(8+P,0)

UNIT FLUX, FWHM=P, (R,$)=(8+P,0)

UNKNOWN SOURCE

Figure 3. Modulation profiles for various configurations of an off-axis source as
transmitted through ideal grids with equal slits and slats mounted on a collimator
that is rotating uniformly about a fixed axis. Successive panels show the effect of
changing source characteristics on the modulation profile. The first panel shows
the modulation profile of a single point source. The second panel assumes a source
with the same location, but one half of the intensity. Since the response of the
the collimator/detector system is linear, changing the intensity of the source just
decreases the amplitude of the modulation without changing its shape. The third
panel shows that the effect of shifting the source azimuthally shifts the modulation
pattern in time. Moving the original source further off-axis increases the number
of modulation cycles per rotation as shown in panel 4. Increasing the diameter
of the source (while keeping its total intensity the same) reduces the amplitude
of the modulation while retaining the same time-averaged transmission (panel 5).
For sources that are large compared to the resolution of the collimator, reduces
the modulation still further (panel 6). The final panel shows a typical modulation
pattern from a more complex source, which might represent the superposition of
several point sources.
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THE RHESSI IMAGING CONCEPT 9
3.2. DESCRIBING THE GRID RESPONSE

The solution of the inverse problem posed by Equation (1) requires a
knowledge of Pj,;,, the probability that a photon from map pixel, m,
will be detected in the i’th time bin. This requires calculation of the
transmission probability of a grid pair as a function of energy and the
precise direction of incidence. In this section, we describe the approach
taken to accomplish this in the case of RHESSI.

To introduce this issue, we return briefly to the idealized case of
thin, opaque grids with equal slits and slats, for which the modulation
takes on a characterisitic ‘triangle-like’ form as suggested by Figure
3. Since this time profile is periodic, the transmission probability can
be described in terms of the first few harmonics of its expansion as a
Fourier cosine series containing only odd harmonics:

Piriangie(®) = (14 —5c05(2)+ 5 5c0s(30)+ 2 cos(58) +---) (2)
where ® = 270L/p. (p is the grid pitch; L is the distance between
front and rear; 8 is the angle of incidence in the z-z plane which can be
readily calculated from the location of each pixel.) This is equivalent
to the form used by Schnopper et al. (1970) for their observations of
galactic-center with a rocket-borne RMC.

There are several reasons why the triangular functions described
by Equation (2) cannot be applied to RHESSI: as photon energies in-
crease, the grids become transparent; the slits and slats are, in general,
not equal; the peak transmissions are decreased by internal shadowing
within the each grid due to the large ratio of slit width to grid thickness;
the grids have imperfections, due both to fabrication tolerances and to
structural design features. Furthermore, these effects are not indepen-
dent since, for example, some moderate energy photons, incapable of
penetrating the grids directly, could penetrate the corner of a slat when
they are incident from a few arcminutes off-axis.

In previous missions such as Yohkoh HXT represents, these effects
were not as severe so were accomodated by modifying the triangular
functional form and introducing more parameters (Sato, Kosugi and
Makishima, 1999). However, for RHESSI a different approach is nec-
essary. All the factors identified above can be quantitatively described
by generalizing the idealized Fourier expansion of the grid transmission
into the form,

P(®) =T-(14a; cos|®—T1|+ag cos(2[®—Ts])+ag cos(3[D—T3])+- )
(3)
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10 HURFORD, SCHMAHL, ET AL.

where T is the average collimator transmission, a; and psi; are
relative modulation amplitudes and phases. For ideal grids, these pa-
rameters would have fixed values, but for RHESSI, T' and the other
coefficients become slowly varying functions of map position and en-
ergy. Note that the expansion includes terms with even as well as odd
harmonics. (The grid response is discussed in detail by Hurford et al.)
Use of the higher-order terms is in fact desirable since in principle,
the next harmonics effectively increase the angular resolution of each
grid by factors of 2 and 3! For most imaging applications, and in the
remainder of this paper we will assume that only the fundamental term
is used. Because of the ‘orthogonality’ of the harmonics, this simplifica-
tion introduces no ‘bias’, and only slightly degrades the signal-to-noise.
In summary then, the characteristics of real grids can be accomodated
by treating the idealized triangles as sinusoids, whose amplitude for
each grid depends on energy and direction of incidence. Also, as we
shall see, this approximation also enables considerable computational
efficiency in the imaging algorithms.

3.3. THE MODULATION PATTERN

In the preceding section, we have described the modulation profile as
the one-dimensional function of count rate vs time induced by the
relative motion of source with respect to the grids. In this section,
we introduce an additional concept, the modulation pattern, which is
a two-dimensional map characterizing the instantaneous response of a
subcollimator. Roughly speaking, it can be thought of as a probability
map on the Sun of the possible origin of a photon that was detected
at a specific time. The modulation pattern is a useful concept found,
in in one guise or another, in other domains of Fourier imaging. In
the case of Yohkoh/HXT, there are 64 fixed modulation patterns, each
corresponding to one of 64 collimator pairs. In radio astronomy, the
modulation pattern is a projection of the complex fringe pattern, which
will be referred to in the Appendix on visibilities. Since RHESSI’s nine
subcollimators are rotating and have a response which varies slowly
with energy and time, there can be a very large number (thousands) of
modulation patterns. It is easy to see that each modulation pattern takes
the form of equally-spaced “stripes”, whose contours have constant
phase ®, and that the cross-section perpendicular to each “stripe” is
the (nearly) triangular waveform given by Equation (2).

In principle, image reconstruction based on inverting Equation (1)
would require repeated calculation or temporary storage of the two-
dimensional modulation profile, P;,,, for each time bin and each pixel.
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In practice, the computation and storage requirements render this im-
practical. Two simplifications are used to deal with this. First, the
mapping is done in polar coordinates, with an arbitrary origin, well
outside the mapping field of view. Second, the instrument response
is calculated in terms of ‘universal modulation patterns’. One such
pattern represents the set modulation pattern (in polar coordinates) in
a rotating coordinate system. The second pattern is the same, except
for a 90-degree phase shift. The result is that the modulation pattern at
any instant can be represented by the weighted sum of a subset of the
elements of the precalculated ‘universal modulation pattern’. Although
this approach saves an order of magnitude in computation time and
memory, the remainder of the discussion of modulation patterns will
neglect this, since in practice, it is tranparent to the user.

There is an intimate relationship between the P;,, “cube” for profiles
mentioned above and the modulation pattern. If one chooses a value of
i (i.e., a single time bin), then the modulation pattern is proportional
to the two-dimensional map P;,, where each pixel is indexed by m
(Tm,Ym)- By Equation (le), at each time bin, the count rate is a
weighted scalar product of the modulation pattern and the true source
map Fpy,.

This can be expressed mathematically in terms of the roll angle,
the amplitude coefficients a,,, and phases ¥,,. Taking the telescope as
our reference frame, we let a point source move on a circle (roll angle
a = 0 — 27) in the source plane. For an ideal RMC (idealized grids,
steady spin), the argument ® in Equation (2) is

®=Kz=Krcosa (4)

where the source is at radial position r in the sky plane, and the
wavenumber of the detector is K = 2m/p.

Note that cosa is present because the modulation described by
Equation (2) only depends on the phase ® of the source. The effect of
this factor can be regarded as changing the “effective pitch” psec(a).

For a given map center, the quantities (a,, T, and ¥,,) are computed
from the aspect system and the grid response matrices. The function
P, is computable for any time interval (i) and any point source (m)
on the Sun. Therefore, since the signal expected for a superposition of
sources is the superposition of point source signals, any model source
can be used to predict a modulation profile. This is the basis for all
RHESSI reconstruction algorithms and underlies Equation (3).

In general, if detector k is at roll angle «;, and the point source
has position vector (zg, %) in the source plane, with polar equivalent
(ro, $0), then the generalization of the phase ® in Equation (4) is:
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12 HURFORD, SCHMAHL, ET AL.

D, = Kip.r = (K cos a;)zg + (K sin ;) yo = Kyro cos(a; — ¢g) (5)

The set of photon arrival times taken from the RHESSI telemetry
can be histogrammed to yield a raw count rate profile. The RHESSI
user can select an almost arbitrary set of time bin sizes {At; } for
histogramming. (At; is necessarily > 1 us, and may be as large as
~ 1 s, but is more typically ~ 0.5 ms.) After the time bin selection,
the count/bin profile becomes a function of roll angle «, and one can
proceed to calibrate the count rates. The size of the time bins depends
on the detector, with the finest detectors (smallest p) requiring the
smallest time bins.

3.4. THE RESPONSE GEOMETRY

For phase and amplitude calibration, that is determining (a,, ¥,), one
must first select a center for the mapping. Figure 4 shows the contours
of the subcollimator phases and map center at one instant of rotation.
The lines of constant phase for a subcollimator of angular pitch p are
separated by 27w R/p radians, the map being centered at a distance R
from the spin axis. The phase at map center rises and falls in a quasi-
sinusoidal way (precisely sinusoidal if there is no drift or wobble in the
pointing) during the spacecraft rotation.

Although the selected map center is arbitrary, it should be close to
the centroid of source of emission. This is because the map center is used
as the basis for determining the grid response parameters, which are
then assumed to be uniform over the mapped field of view. In practice,
the map center can be found in several ways (coarse mapping, context
observations or using previous knowledge of the flare position).

4. Image Reconstruction

In this section we review the various image reconstruction algorithms
that are used for RHESSI imaging. The general approach is that one
uses a ‘back projection’ algorithm to generate an initial estimate of
the image. This estimate represents a convolution of the source with
the instrumental response and so may have significant sidelobes. To
improve the image quality (viz. to reduce the sidelobes), one can then
use a variety of techniques. Each of these other techniques( CLEAN,
MEM, MEMVIS, PIXONS, Forward-Fitting) make broad assumptions
about the character of the source, and most proceed in a cycle of

imaging_concepts.tex; 21/08/2002; 17:47; p.12
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HESSI IMAGING GEOMETRY

Y
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Figure 4. Lines of constant phase for one subcollimator at one instant of rotation
projected on the solar disk. The spacecraft coordinate system rotates clockwise
(increasing «), and the lines of constant phase lie at a constant angle 3 relative
to the spacecraft coordinates. The phase contours, shown by the parallel dashed
lines numbered 1,2,3,- - -, represent contours of constant phase and are separated by
multiples 27 radians in phase from the subcollimator line of maximum response.

predicting the modulation profile for the test image, comparing the
predicted and observed modulation profiles, modifying the test image,
and iterating.
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14 HURFORD, SCHMAHL, ET AL.

4.1. BACK PROJECTION AND FOURIER TRANSFORMS

Back projection (Mertz, Nakano and Kilner, 1986) is the most straight-
forward and basic method of image reconstruction. It is equivalent to a
2D Fourier transform (Kilner and Nakano, 1989). A map constructed by
this method is called the “dirty map”, being the analogue of the radio
astronomer’s initial Fourier transform of the observed visibilities. Back
projection is a linear process: maps for arbitrary time intervals may
be added together, and maps for different pitches and harmonics may
be summed, generally leading to improvement of the image. Further
improvements to the image by CLEAN or MEM (for example) do not
share this property of linearity.

As we have seen, for a given instant in time, the response of a
detector to a source flux distribution is its modulation pattern rotated
to the roll angle for that time. Detected photons are most likely to have
come from regions where the modulation pattern has its highest values.
Back projection creates an image by distributing the received photons
onto a map according to the modulation pattern. In fact, based on
one time bin alone back projection gives an image that is identical to
the modulation pattern. For many time bins, back projection simply
involves averaging the modulation patterns, weighting each one accord-
ing to the the number of photons received in that time bin. Of course, in
spreading flux across an image in this way some of it will be misplaced.
This is most obvious for the case of a point source, where photons have
come from only one point, but will be traced back to many different
regions by back projection. Despite this, given many time bins and
several detectors, the greatest concentration of flux will usually be at
the location of the point source. In essence, back projection is analogous
to performing an inverse Fourier transform, and the problems caused
are a result of having insufficient coverage in Fourier space.

Mathematically, back projection can be described as follows. The
modulation patterns P;,, are computed for all roll angle a; and map
pixels m. Then they are normalized according to a recipe described by
Durouchoux et al. (1983): (a) Subtract out the mean over roll angles
at each pixel: (Em = Pju— < P, >). (b) Then divide each value by
its variance over roll angles: (ﬁzm = ~im / < 1331 >).

(In practice, a slightly more complex formulation is used, in order
to distinguish the variance component due to modulation from the
variance component due to the slower changes in transmission of indi-
vidual grids caused by internal shadowing.) The brightness D,, of each
pixel (m) in the back-projection map is defined by the following linear
combination of the count rates C;:
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Figure 5. Full-Sun and small-field back-projection images for a RHESSI flare.

1Y N
D = — ;[&-/At} - Py (6)

where A is the effective area (cm?) of the detector and At is the
time bin duration (s). The initial Durouchoux normalization and the
division by AAt ensures that the peak of the dirty map equals the
strength of a dominant source. The map then has units of counts cm 2
s7L.

Figure 5 shows an example of a back-projection image for a com-
pact flare source whose size is smaller than the subcollimator’s angular
resolution. The full-disk image, which uses the three coarsest subcolli-
mators, shows the characteristic ringed patterns caused by incomplete
sampling of the Fourier plane. Noteworthy is the “mirror” source seen
in the lower left quadrant of the full-disk map. This is an effect of not
having both “sine” and “cosine” subcollimators, but is readily corrected
for in the maps. The true source in this case is on the limb in the upper
right. Exactly halfway between the true and mirror sources is the spin
axis, where no modulation occurs. The small-field back-projection map,
made with subcollimators 3-8, shows the flare surrounded by rings,
whose amplitude is smaller than in the full-disk map due to the use of
a larger number of subcollimators.

All of the practical image reconstruction algorithms for improving a
back-projection (“dirty”) map are nonlinear, since linear deconvolution
algorithms such as Wiener filtering and inverse filtering are inapplica-
ble to applications such as RHESSI which do not completely sample
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16 HURFORD, SCHMAHL, ET AL.

the Fourier plane. In the following section, we describe some of the
nonlinear options currently implemented.

4.2. CLEAN

CLEAN is an iterative algorithm which deconvolves a Point Spread
Function—the imager’s response to a delta function source—from a
“dirty map”. This algorithm is of fundamental importance in radio
astronomy, where it is used to create images of astronomical sources ob-
tained with interferometers. The basic CLEAN method was developed
by Hogbom (1974). It was originally designed for point sources, but it
has been found to work well for extended sources as well when given
a reasonable starting model. The Hogbom CLEAN constructs discrete
approximations to the CLEAN map in the plane from the convolution
equation,

P® Isource =D (7)

where P is the RHESSI PSF for one or many subcollimators and/or
harmonics, Iource is the source distribution, D is the dirty map, and
® denotes a convolution.

The algorithm goes as follows:

Start with an initial approximation Ij; copy it to a new image,
called the residual map. Search for the largest value in the residual
map, saving the position in a “CLEAN component” table. Center a
delta function at the location of the largest residual flux and give it an
amplitude p (the so-called “loop gain”) times this value. Subtract the
scaled Point Spread Function P from I, ; to yield I,. Continue this
iteratively until a specified iteration limit is reached, or until the peak
residual or RMS residual decreases to some level.

In the resulting final map (Ifinq), it is assumed that the residual
brightness distribution consists mainly of noise. To damp out high
spatial frequency features which may be spuriously created in the itera-
tion, one convolves each CLEAN component with the so-called CLEAN
PSF, Peiean (the “CLEAN beam” in radioastronomy), which is simply
a suitably smoothed version or inner portion of the PSF, P.

Iclean = Ifinal ® Pclean + {D -P® Ifinal} (8)

A CLEAN map is produced when the final residual map is added to
the approximate solution, in order to include the noise.

The main disadvantage of CLEAN is that it does not (at least in
the Hogbom version) compare the observed modulation profile with
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a model modulation profile to assess the “goodness of fit” during the
iteration. Two variants of CLEAN exist for RHESSI. One is for rect-
angular coordinates, and the other is for polar coordinates. In most
circumstances, the latter has a significant advantage of speed over the
former.

Figure 6 shows examples of back projection, CLEAN, MEM-Sato,
MEM-vis, PIXON, and Pixelized-Forward-Fit maps, all derived from a
simulated event list derived from a double source.

4.3. MAXIMUM ENTROPY METHODS

The principle of Maximum Entropy is to find the map which is max-
imally noncommittal with regard to the unavailable information, i.e.
the regions of the Fourier plane for which RHESSI has no data. The
image to be found is the smoothest one that fits the data to within the
noise level.

HESSI’s observations are provided in the form of nine sets of counts
in time bins, each time bin corresponding to a particular roll angle. The
aim is to find an image that is consistent with these counts to within
the photon counting noise. Since there can be many images consistent
with the observations, MEM is designed to find the smoothest such
image. Traditionally, consistency is measured using a x? measure on
the counts:

(Ci — &)?

XQZZT (9)

where C; is the count for time bin ¢ and &; is the “expected” count
from the reconstructed image, and o; is the estimated error of count
C;. If only photon counting noise is important then ¢ = &;, but in
practice systematic errors and uncertainties in the background may
also be important and so should be included in o;.

The smoothness of the image is quantified using an entropy measure.
In one view, the entropy is a quantity which, when maximized, produces
a positive image with a compressed range in pixel values (Cornwell
1984), but according to Gull and Skilling (1984) and Sivia (1996) the
only function which guarantees that no unwanted correlation is imposed
is:

H=-> FplogFy, (10)

where F},, is the flux in pixel m. A smooth image will have a larger
‘H. The goal of MEM is to find the smoothest image that fits the data.
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Figure 6. Example Back-projection, CLEAN, MEM-Sato, MEM-vis, PIXON, and
Pixelized-Forward-Fit maps.
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In practice, this means maximizing Q@ = H — %XQ for the smallest
possible A. The idea is that A is set to a small value to begin with
and an image is sought iteratively that has y? = 1, i.e. it is consistent
with observations. If such an image cannot be found, the smoothness
constraint is probably too strong, and so A is increased to allow a less
smooth image. Additional constraints (e.g. total flux) can be added to
Q if desired.

MEM has had a rich history as the main imaging algorithm used
for image reconstruction with Yohkoh’s HXT. Although the details of
implementation are somewhat different for RHESSI, the basic theory
is still relevant (Sato, 1998, Sato, Kosugi, and Makishima, 1999).

Another RHESSI image reconstruction algorithm, MEMVIS, applies
MEM to the visibilities rather than the counts. The advantages of using
visibilities are discussed in the Appendix. Before iterations begin in
MEMVIS, the counts are converted to visibilities, correcting for the
wandering of the spin axis. With this correction applied, the modulation
patterns, and therefore the processing per iteration, are greatly simpli-
fied. The basic MEM equations outlined above need some alteration
because visibilities are complex quantities. For example, the real and
imaginary parts in the x? sum must be separated, and the constraints
must be reformed to avoid Q being complex. The MEM algorithm then
proceeds according to the steps described above.

The main advantages of MEMVIS is its efficiency (lower memory
requirements, use of fast Fourier transforms) and the ease in which
the visibilities that it uses can be integrated over time (by literally
just adding them together). It is apparent from many simulations that
MEMVIS appears to be remarkably robust at low count rates.

Figure 7 shows example MEMVIS and MEM-SATO maps.

4.4. FORWARD-FITTING

The forward-fitting method is based on models that represent a spa-
tial map by a superposition of multiple source structures, which are
quantified by circular Gaussians (4 parameters per source), elliptical
Gaussians (6 parameters per source), or curved ellipticals (7 parame-
ters), designed to characterize real solar flare hard X-ray maps with
a minimum number of geometric elements. Examples of fits to hard
X-ray sources may be seen in Aschwanden et al., 1999.

In one realization of this scheme, maps of superimposed Gaussians
are created iteratively, at each step constructing a model modulation
profile from the map. In this “pixelized” form, the map evolves into a
best fitting image.
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Figure 7. Fits to visibilities deriving from simulated count rate profiles for a double
source of 10,000 counts/s/SC. The solid curve is the real part of the visibility, and
the dotted curve is the imaginary part. Note the beating of the sources, which are
about 1.5 angular pitches apart.

In another realization of forward-fitting, there are no maps com-
puted at intermediate steps. The algorithm uses the beat patterns seen
in the modulation patterns to infer the characteristics of the source.
The most efficient way to do this is to compute the visibilities from
the count profiles (after selecting map center and calibrating). Then
a phase-shift to map center eliminates the rapid modulations, leaving
only the low-frequency beat patterns. For two circular Gaussians, the
extrema of the beat patterns then provide the relative separation and
strengths of the sources. The ratios of the beat strengths for successive
subcollimators determine the Gaussian widths. The inferred parameters
of the source then provide model modulation profiles for comparison
with the observed profiles. Chi-square determinations assess the good-
ness of fit for iterative estimations of the strength of further sources.
Figure 7 shows fits to visibilities deriving from simulated count rate
profiles for a double source of 10,000 counts/s/SC. In principle, fits
such as this can yield the flux, positions and widths of two Gaussian
sources, and possibly more if the fluxes are sufficiently high.
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4.5. THE PIXON METHOD

The PIXON method is another technique which removes the side-
lobe pattern of a telescope while mitigating the problems of correlated
residuals and spurious sources which are commonly seen in Fourier
deconvolution, chi-square fitting, and maximum entropy approaches.

The goal of the Pixon method is to construct the simplest, i.e.
smoothest, model for the image that would be consistent with the data,
i.e. have an acceptable chi-square fit. Being the simplest model, the
derived image would be artifact free, i.e. there would be no spurious
sources. In addition, it is claimed by PIXON proponents that the model
is necessarily most tightly constrained by the data, and consequently
has the most accurately determined parameters.

The PIXON method changes the global smoothness idea of MEM
into a local condition in which local maximum smoothness of the image
is imposed. From an information science point of view, one selects
a model with the minimum information content from the family of
multiresolution basis functions (pixons) and which statistically fit the
data.

Since the model has minimum complexity, spurious sources are un-
likely to arise. Each parameter is determined using a larger fraction
of the data, hence it is, presumably, determined more accurately. It is
claimed that this usually results in superior photometric and positional
accuracy, and that, since the minimum number of parameters are used,
the data cannot be over fitted. PIXONS, however, pays a price for its
photometry: the method is about two orders of magnitude slower than
the other reconstruction methods. Therefore, as with Yohkoh/HXT, it
will probably be used only after the faster reconstructions have pro-
duced maps, and when checking the strength or shape of weak sources
is required.

5. Imaging Performance

5.1. IMAGING STRENGTHS AND LIMITATIONS

Although it is too early in the mission to provide a definitive sum-
mary on the imaging performance, the general properties of RHESSI
imaging can be broadly outlined. This is particularly important since
RMC imaging has very distinctive strengths and weaknesses compared
to conventional imaging instruments and these properties are directly
relevant to the kind of science that can be done with RMC imaging.
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RHESSI imaging was not designed to provide images with the kind
of morphological richness and detail that we have come to expect from
Yohkoh/SXT, TRACE, SOHO/EIT and other direct imaging instru-
ments. Instead, RHESSI imaging determines the flux, location, size and
shape of the dominant source components. Its measure of image quality
is ‘dynamic range’, defined as the ratio of the surface brightness of the
strongest source to the weakest credible source in the field of view. The
design goal (and current expectation) is that in favorable circumstances
dynamic range of 100:1 can be achieved.

In general, RHESSI imaging has proved to be remarkably robust, a
feature which permitted the generation of viable images early in the
mission.

There are four broad factors that limit the quality of RHESSI imag-
ing. The first is the specific spatial frequencies that are measured. The
limitation of nine spatial frequencies provides a fundamental limit to
the complexity of the images that can be generated. This limitation
becomes more severe if imaging is done on timescales of less than one
half of the rotation period.

Photon statistics are an important constraint. In favorable circum-
stances, a point source can be detected and located with as few as
300 counts. However, usually ~ 10% are required and for more pleasing
images it is preferable to have ~ 10* or ~ 10° counts.

As we have seen, the imaging algorithms ultimately rely upon com-
parisons of observed count rates to ‘predictions’ based on convolving
test maps with instrument response. Therefore, in circumstances with
good statistics and simple sources, the knowledge of the grid and de-
tector response can provide the limitation. The grid response, to be
described in detail in a future paper, is believed to be known at the
~2 percent level. Good progess continues to be made in understanding
the detector response (Smith et al., 2002), which is very relevant at
high count rates. For example, it has long been known that pileup
(where the superposed signal of two simultaneous low-energy photons
is detected as a single higher-energy photon) can introduce artifacts
in the perceived photon spectrum. Since rate of low-energy photons is
modulated, a consequence for imaging is that the pileup of low-energy
photons can superimpose a low-energy image onto an image made at
higher energies. This has been observed in cases where the count rates
are particularly high.

The fourth factor is assumptions that are implicit in the imaging
algorithms. Such assumptions include: the short duration of time bins
compared to the modulation period; the uniformity of instrument re-
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sponse over the selected energy range; and the uniformity of instrument
response over the imaging field of view.

The strengths of this imaging technique include the ability to accu-
rately (~1 arcsecond) locate the source components on the Sun. This
supports both accurate co-location with images in other wavelengths,
and reliable comparisons of images as a function of time and energy.
(Note that RHESSI’s imaging from 3 to 15000 kev uses a common set
of ‘optics’.)

Photometric reliability of RHESSI images depends on the circum-
stances, but is often at the ~ 10 percent level. This is sufficient to
support some feature-based imaging spectroscopy.

Source sizes can also be determined, although at present this requires
careful interpretation with some algorithms.

Finally, one of the underlying strengths of RHESSI imaging, dis-
cussed by Schwartz et al. (2002) and derived from the photon-based
nature of the data, is the ability to select the time resolution, energy
resolution, imaging field of view, resolution and reconstruction tech-
nique. These choices can be optimized at the time of analysis, in a
manner that depends on the characteristics of the flare and on the
specific science objectives. In practice this is perhaps one of the most
valuable and novel features of RHESSI imaging.

5.2. SELF CALIBRATION

As discussed above, one of the potential limitations of RHESSI imaging
is the knowledge of the grid response. However, one of the features of
RHESSI imaging is that there are several ways to self-calibrate am-
plitudes and phases. While this feature will be discussed more fully in
a future paper, it is perhaps worth mentioning the progress made to
date. In particular, the relative ‘phases’ of the grids is a vital parameter.
For each grid this represents the average position of the center of the
slats with respect to the imaging coordinate system defined by the
solar aspect system. The current determination of these phases is based
on maximizing the response of the system to unresolved sources. The
accuracy of these determinations appears to be ~ 102 of the grid pitch.
A more sensitive technique, based on the stability of imaging with even
and odd half rotations, will be used to improve this further.

Other grid response parameters, such as the average transmission,
can be verified by comparison of spatially integrated spectra obtained
from the 9 detectors. Interpretation of these ratios as a function of
energy and offset angle can be used to fine tune the grid parameters.
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5.3. EXPECTED EVOLUTION OF IMAGING

During the course of the RHESSI mission, lessons are being learned
about unanticipated features of the hardware and software. Examples
of such lessons to date are the data gaps (Smith et al., 2002). As in
other missions, the imaging software is expected to improve as bugs
are eradicated and better algorithms are developed. In particular, we
anticipate introducing an alternate approach to summing time bins
which will greatly facilitate integration over long time periods. Also,
the neglected 2nd and 3rd harmonics of the grid response will be taken
into account. For strong flares, this has the potential to improve the
angular resolution of the grids by factors of 2 and 3 under favorable
circumstances.

An important feature of these improvements is that in all cases, they
will be applicable retroactively to data acquired from the start of the
mission.

6. Appendix: Visibilities

The concept of visibilities is borrowed from radio astronomy. In the
context of RHESSI, ‘counts’ and ‘visibilities’ can be regarded as two
time series that present the same information: the response of RHESSI
to a brightness distribution. The ‘visibilities’, however, come in pairs:
one is a ‘count’ profile much like the real RHESSI count profile (but
with imperfections calibrated out), and the other is also a ‘count’ profile
from an ideal subcollimator shifted 90° in phase from the real one.

In radio astronomy the response of an interferometer to point sources
in the sky, known as the fringe pattern, can be quantified in terms of
complex visibilities, which are the components of a discrete Fourier
(i.e. cosine and sine) transform of the sky. Thus far we have considered
the response of RHESSI to a point source as a modulation profile
(e.g. Figure 3, top panel), expressed as a time series of counts. The
modulation profile can be obtained from the brightness distribution
using the modulation patterns, which we have represented in terms of
a cosine and a series of harmonics. Clearly RHESSI imaging has much in
common with radio astronomy interferometry and could benefit from
the enormous efforts invested in that subject. Also, we will see that
the use of visibilities with RHESSI has several intrinsic advantages. To
exploit this resource it is necessary to consider what a visibility means
in relation to counts in the context of RHESSI.
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6.1. THE (U,v) PLANE

In radio astronomy the visibility of a point source of flux Fj at coordi-
nate (zg,yo) is defined to be the Fourier transform:

V(u,v) = Fy cos(2r{uzy + vyo}) + i Fo sin(2r{uzg +vyo}) (11)

The cosine term on the right side of this equation is the count rate
from an idealized RHESSI subcollimator (with the mean subtracted
out) and the sine term is a hypothetical count rate (again with the
mean subtracted out) for another ideal subcollimator with pointing
shifted half an angular pitch (90° in phase) with respect to the first
subcollimator.

The variables (u,v) are the coordinates in the Fourier plane and
the 2D array V(u,v) is the Fourier transform of the flux distribution
in the z-y source plane, in this case containing a single point source
at (zg,yo0). It turns out that detector k, while RHESSI is at roll angle
a;, will sample a quantity closely related to the visibility transform
Vit = V(uik, vik) at up = cosa;/pg and v, = sino; /py.

So, each observation (count integrated over a time bin) that RHESST
makes is a sample upon one of nine possible circles, one circle for
each detector. Samples on the largest circles correspond to the highest
spatial frequencies, and come from detectors with the small pitches. In
one rotation, for a particular detector, RHESSI’s observations form a
time series of count values, where each time corresponds to a particular
roll angle. This time series is a set of sample points spread across the
entire circumference of one of the nine circles. In this way the count
time series can be related to the 2D Fourier transform of the source flux
distribution. Conversely, the visibilities, which are the samples of the
2D Fourier transform, can be regarded as a time series in the context
of RHESSI.

If the spin axis is fixed so that (a,,,¥,,) are constant, if background is
negligible, and if the transmission 7" and livetimes 7 are constant, then
the relation between the fundamental term in the counts and visibilities
can be deduced from Equations (4), (5) and (6):

Xy = Real [Vi] = Co — P _ Foycos @i, (12)
fTTal

In this idealized case, the counts are the cosine transform of the
image. The imaginary part of the visibility is the corresponding sine
transform. Figure 7 shows the real part of the visibility time series, i.e.
the wisibility modulation profile, for a point source. The dashed lines in
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that figure show the imaginary part of the visibility (offset by the mean
flux, since their mean must be zero). The case of a moving spin axis,
important for constructing visibilities from observed counts in practice,
is dealt with in Section 6.2.

The importance of visibilities to RHESSI is that they are an inter-
mediate between the observed counts and images. The visibilities have
been corrected for all of the spin-axis wobble, slit-shadowing, transmis-
sion and deadtime effects. Consequently, visibilities, unlike count-rate
profiles, can be added from one rotation to another.

From many simulations, the advantages and some disadvantages
can be summarized as follows: (1) The aspect correction can easily be
applied while constructing visibilities from the observed counts. (2) Due
to 1, visibility modulation patterns do not need to be corrected for the
aspect solution for each time bin. (3) Due to 2, operations involving
modulation patterns can be performed with a convolution based on Fast
Fourier Transform methods, rather than a matrix multiplication. This
allows a speed-up of order M? as compared to M log M, where M is the
number of time bins. (4) Due to 2, integration of visibility values over
several rotations simply involves adding together visibility series from
those rotations. (5) In constructing visibilities from observed counts,
there is effectively a smoothing, which relaxes problems arising from
the presence of zero counts. The price is the introduction of a small
systematic error and a correlation of noise on visibilities in neighboring
time bins.

6.2. FrROM COUNT RATES TO VISIBILITIES

We now discuss the method by which the visibilities can be constructed
from the counts. For simplicity, we discuss only the fundamental term
in the Fourier expansion of the count rate. Constructing the visibilities
needs to be done in the context of making a map, i.e. reconstructing
an image, in a limited spatial region of interest, e.g. a solar flare on the
Sun’s disk. Central to this is the concept of the phase at map center @,
touched on in Section 4.s. In general, ®; depends on the results of the
aspect solution, the time binning, the subcollimator, and the position
of the map center. The phase at map center (zg, o) can be calculated
from Equation (5):

Q¢ = @(z0,90) — @(z5,s)- (13)

®(zs,ys) is the phase correction arising from the fact that the map
center (zg,yo) and the projected position of the subcollimator on the
source plane (zs,ys) are at different locations. Using the aspect system
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data, the distance of the line of maximum transmission from map center
is computed for each roll angle «; and each subcollimator pitch py. This
gives the phase at map center for each time bin ¢, detector k. (See Figure
4.)

Given an incident flux of photons on a RHESSI subcollimator, after
the selection of a map center, the predicted count rate C of a point
source located at map center is given by Equation (6), i.e., dropping
the subscripts 7, k for clarity:

Ci = FoTiT; - (1 + d} cos[@é]) (14)

The visibility of a point source at the map center is:

V; = Fyet®@ow0) — f i(®h+7)) (15)

Note that the visibility does not depend on the subcollimator co-
ordinates (zs,ys), but the count rate is subject to phase shifts caused
by telescope motion. Comparing Equations (15) and (16) leads to the
following relation between counts and visibilities:

_ G — FyTimg

X; = Re [Vie*wi] Tma’i

(16)

where T;, 7; and a} are known quantities, but Fj is unknown. There
are various ways to estimate Fy and the optimum method in the pres-
ence of background has not yet been decided on.

Once Fj has been determined, the conversion from counts to visibil-
ities depends on oversampling of the circles in the UV plane. In each
modulation cycle, there must be at least four time bins. During each
cycle, the rotation of the modulation pattern within the map can be
thought of as a purely linear shift. So for each successive 4 (or more)
count rates, one may represent the position in the (u,v) plane by its
average value (u;,7;) and an offset 6. Then the corrected count rate
(Equation 17) can be represented as the cosine transform:

X; = //cos(Zﬂ[ﬂi(:v — o) + 0i(y — yo)| + &) f(z,y)dzdy  (17)

The angle §; changes by 360° during one cycle, so we can easily have
4 or more independent samples; a regression fit to each modulation
cycle then gives both the sine and the cosine components X" and
X"L_COS.

It is worth mentioning that in early versions of RMC design, there
were both sine and cosine subcollimators (e.g., Mertz et al. 1986, Mur-
phy, 1990), but, as we see here, this turns out not to be necessary in
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hardware, since with sufficient sampling of the modulation profile, rel-
ative amplitudes of the sine and cosine components can be determined
from the modulation profile itself.

It is important to note that, according to Equation (17), the peak-to-
peak variation of the visibility is several times larger than the peak-to-
peak variation of C. This is because the visibility reflects the transform
of the flux distribution at the front grid, while the count rate is the
modulated profile of the photons reaching the detector. In fact, when
the livetime is unity (7; = 1), and when the subcollimator pattern
is perfectly triangular, (a‘7; = 2/7?), the peak-to-peak variation of
Re[V;] is 72/2 = 4.9 times that of the count profile.

For a more general case, where the source is an arbitrary superposi-
tion of N point sources of flux F} at locations (z;,y;), the visibility is
found by summing Equation (16) over the sources. The generalization
to higher harmonics is simple, and is important for achieving the highest
possible resolution and for self calibration, but the details are beyond
the scope of this paper.
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