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Auroral bremsstrahlung spectra in the atmosphere
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Abstract-A procedure for computing the bremsstrahlung X-ray flux generated by auroral electrons in
a plane, parallel atmosphere is described in detail. An integral expression which gives the X-ray flux
at a specified photon energy and atmospheric depth for an arbitrary incident electron spectrum is set
up. Some examples of X-ray spectra obtained from the numerical solution of this multidimensional
integral are illustrated and in several cases are compared with previous Monte Carlo results. The
energy deposition by bremsstrahlung X-rays can be determined from their ~ocal flux spectra.

in matter by radiation and ionization processes, the
electron spectrum changes as the particles penet-
rate into the air. In a previous report (LUHMANN,
1976), an expression that describes the auroral
electron spectrum at arbitrary altitude was derived
for the case of an isotropic incident flux. Here this
result is applied to the formulation of an integral
expression that describes the electron initiated X-
ray flux. in a plane parallel atmosphere.

Only 'primary' X-rays resulting directly from the
bremsstrahlung process are considered in the fol-
lowing derivation. Energy degraded 'secondary'
photons produced by the Compton scattering of the
bremsstrahlung photons are neglected. This
omission, which greatly simplifies the calculation,
restricts the practical application of the present
method to predicting X-ray intensities from elec-
tron spectra with the majority of flux below
-40 ke V. In most cases, auroral electron spectra
satisfy this criterion (JONES, 1974). To demonstrate
the accuracy of the approximate method described
here, some X-ray spectra obtained by evaluating
the flux integral are compared with the correspond-
ing results from a Monte Carlo calculation
(BERGER and SELTZER, 1972). Several other exam-
ples of bremsstrahlung spectra are also calculated
for various forms of incident electron spectra. Fi-
nally, the calculation of local energy deposition
from the local photon spectrum is demonstrated.

2. mEORY

(a) Electrons

In a previous report (LUHMANN, 1976) the
spatial evolution of the energy spectrum of primary
auroral electrons in the atmosphere during a stable,
large scale influx was examined in detail. It was
found that if pitch angle scattering and magnetic

1. INTRODUcrlON
The observation of X-rays from within and above
the atmosphere can provide global information
about the location and intensity of kilovolt electron
precipitation (e.g. GHIBLMETr et ai., 1964, WIL-
SON et ai., 1969). On the other hand, these X-rays
can also provide an undesired background in the
observation of extraterrestrial X-ray sources at bal-
loon altitudes or at satellite altitudes when the
viewing direction is near the horizon (HOLT, 1974).
In either case, the relationship between the elec-
tron spectrum and the photon spectrum produced
by the particles is an advantageous if not requisite
area of information for interpreting the data. REES
(1964), KAMIYAMA (1966) and BERGER and SELT-
ZER (1972) have employed various methods to
compute the X-ray flux spectrum that is generated
in a plane, parallel atmosphere by an electron
influx with a specific incident energy spectrum.
These calculations are reviewed in a recent monog-
raph by JONES (1974). The procedure described in
this paper, which produces results similar to those
from the rigorous Monte Carlo calculations of
BERGER and SELTZER (1972), requires only the
numerical evaluation of multidimensional integrals.
Although Compton scattering is treated as an ab-
sorptive process and secondary electrons are neg-
lected, the approximate method presented here
provides an economical computational alternative
for many practical applications. The economy with
which these calculations can be performed is re-
stricted primarily by the efficiency of the numerical
integration routine employed and by the accuracy
desired.

A crucial facet in the calculation of brems-
strahlung fluxes in the atmosphere is the descrip-
tion of the energy spectrum of the electrons which
generate the X-rays. Because electrons lose energy
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where M is the mean weight, in grams, of one atom
of the atmospheric gas and k is the photon energy
in ke V which has a maximum value equal to the
electron energy T. The small variation of M with
altitude is neglected. The angular distribution of
bremsstrahlung emission is incorporated by assum-
ing that each photon is distributed in angle 6 with
respect to the direction of the electron that pro-
duced it according to the function (REES, 1964)

sin26CIJ(6, T) = A(T) (1- /3 cos 6)4 (7)

focussing are neglected, the Fokker-Planck equa-
tion describing the transport of auroral electrons in
the atmosphere (WALT et al., 1969) can be solved
analytically. More specifically, the Fokker-Planck

equation
af a [dT ]/LV-+- -vf = 0

(1)
ax aT ds

21T dT@!J!i} Jo(~)

v dT/ds(T)
(2)/(1£, x, T) =-

with
y-O.7S

1.75B
(3)dT/ds(Y) =

and

where A, given by
A(T) = 2(1- {i2)S/2/'IT (8)

is a normalization factor and (3 = vI c is the electron
speed divided by the speed of light.

The volume emissivity for bremsstrahlung X-
rays, which gives the production rate at depth x,
energy k, and angle 11 from the nadir, provided by
the local electron population described by equation
(2) can be obtained by integration:

1 r~ {d i 1

PB(x, k, lI)=M Jk dT -i: 0 dlJ.

[ dTldS(t") r2" ]}x ~Jo(t") Jo (1)(9, T)d'T (9)

The units of PB as expressed above is
photons/(g sec ke V). Here 'T is the azimuthal angle
of the photon direction measured from the vertical
plane containing the electron vector. The geometry
of photon emission is illustrated in Fig. 1. The
angles 9, 'T and 11 are related to the electron pitch
angle cosine IJ. by the expression

{ I X }1/1.7S t" = B;+ BT1.7S (4)

Here, Y is a dummy variable, and B is equal to
4.57 x 10-6. The function Jo describes the form of
the incident electron spectrum Jo(T). The defini-
tions (3) and (4) originate from the empirical 'prac-
tical range' relation obtained by GRUN (1957). For
incident electrons isotropic over the downward
hemisphere, the hemispherical electron flux spec-
trum I at any atmospheric depth x can then be
described by the integral expression

v r1I(x, T) = 2-:;;: Jo f dll.

-I dT/ds(t")
dT/ds(T) Jo(t") dll.=

cos 8 = IL cos 1J +J1-::;2 sin 1J cos 'T (10)

The total flux of X-rays at a depth X is a
combination of both locally produced photons and
contributions from the atmosphere above and
below the altitude specified by X. The latter are
attenuated by absorption in the atmosphere. For
X-rays in air, photoelectric absorption dominates
below about 20 ke V. Compton effects, which cause
effective absorption at a given initial energy by
changing the energy of the photon, become impor-
tant at higher X-ray energies. In the following
treatment, photons that undergo a Compton colli-
sion are assumed lost. Absorption itself, although
caused by discrete interactions, will be regarded as
a continuous process. Figure 2 shows the measured
photon attenuation coefficients for oxygen and nit-
rogen as given by HUBBELL (1971). An average

~~(k, T)
M dk

-

where f is the electron distribution function, IL is
the cosine of the pitch angle, x is the atmospheric
depth in g cm-2, v and T are particle velocity and
kinetic energy respectively, and dT/ds is the energy
loss along the electron trajectory, has a solution

given by

electrons/cm2keV (5)

Details regarding the derivation of equation (5) are
given in the original report.

(b) Bremsstrahlung X-rays
The bremsstrahlung X-ray production rate by a

nonrelativistic electron of energy T is described by
the Bethe-Heitler differential cross section duB/dk
(HEInER, 1954). For an air target, the cross sec-
tion presented by one gram of atoms is given

approximately by
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absorption cross section for air was obtained by
weighting these values by the fractional contribu-
tions of oxygen and nitrogen to the atmosphere
according to the CIRA 1965 model. Division of
this average atomic cross section by the mean
atomic weight M gives the mass absorption coeffi-
cient I"a(k) in cm2fg.

The spatial evolution of the intensity of radiation
.1(x, k, 'lJ) in a medium where both photon produc-
tion and absorption occur at energy k is described
by the equation of radiative transfer (CHAN-
DRASEKHAR, 1950):

d.1 ,..,= -lJ.a.Ji + P
dx sec 1}

Here, .1 has units of photons/(cm2 sec keY) and P
(x, k, 11) is the volume emissivity. For brems-
strahlung, P is equal to PB (equation 9). The solu-
tions to this transfer equation are well known.
Upward or downward directional bremsstrahlung
intensities viewed at depth X are given by the
source function PB/ #La multiplied by an exponen-
tial mass attenuation factor and integrated along
the line of sight from the bottom or the top of the
atmosphere to X:

Fig. 1. Geometry of photon emission showing the orien-
tations of the angles 8, 'I" and 1j with respect to the vertical

(x) axis and to the electron velocity vector (e-).

- 1<103O-X).CC'! .1up-

[X'CC'!.1down = Jo SILo dx sec 11

S#J.a dx sec 11

(12)

where

PH
S=-::-:-exp [-#La IX-xlsecT/] (13)

f"a

In the integrals (12) the depth x = 1030 g/cm2 has
been adopted as the base of the atmosphere. The
X-ray fluxes through two hemispherical detectors
bisected by the plane x = X can then be obtained
by integrating over the appropriate values of the
photon direction angle 11:

~
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;::
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(I)
(I)
0
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.1uP 

dll

.1 

down dTJ

Fig. 2. Summary of photon absorption cross section
measurements in oxygen and nitrogen after HUBBELL

(1971).

3. APPLICAllONS

(a) Local X-ray spectra

The bremsstrahlung fluxes <Pup and <Pdown as
defined by equation (14) can now be calculated for
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any form of incident electron spectrum. Figures 3
and 4 show the omnidirectional flux spectra of
unscattered bremsstrahlung X-rays at several at-
mospheric depths for the exponential incident
electron spectrum
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with a equal to 10keV and 30keV. The normali-
zation factor l/a gives results pertaining to unit
incident electron flux. The spectrum for x near
zero, which describes the flux at the top of the
atmosphere, has a negligible contribution from
<l>down. In contrast, the spectra which characterize
the deep atmosphere have negligible contributions
from <l>up. It was necessary to terminate the 1}
integration (equation 14) for x = 0 approximately 1
degree from the 1T/2 limit because the assumption
of an infinite plane atmosphere produces an un-
physical divergence there.

The favorable comparison between the present
calculation and the results of BERGER and SELTZER
(1972) is demonstrated by Figs. 3 and 4. Berger

Fig. 4. Omnidirectional flux spectra of bremsstrahlung
photons at several atmospheric depths for an incident
exponential electron spectrum with an e-folding energy of
30 ke V. The dashed lines show the results of previous
Monte Carlo calculations (SELTZER and BERGER, 1974;

BERGER and SELTZER, 1972).

and Seltzer found that the neglect of Compton
scattered photons can lead to a serious underesti-
mate of the total X-ray flux near 50 keY when
electrons with energies ;20100 keY are considered.
However, the present calculations indicate that
Compton scattering has a practically negligible
affect on the X-ray spectra generated by the soft
electron influxes which characterize auroral zone
precipitation. In other words, the 'primary' brems-
strahlung flux will approximate observed intensities
in many cases.

Figures 5 and 6 show several other examples of
omnidirectional bremsstrahlung flux spectra for
electron spectral forms that have been associated
with the aurora. All of the spectra obtained at
depths greater than 3 g cm-2 exhibit a peak near
40 ke V, with a sharp cutoff at lower energies due to
absorption, and a power law decline at higher
energies with an index related to the hardness of
the electron influx. This characteristic spectral
shape was pointed out by BERGER and SELTZER
(1972). The results shown in Fig. 6 for power law
electron spectra with indices less than 4 are ex-
pected to underestimate actual flux levels because
Compton scattered photons were neglected. Near
50keV, the calculated flux may be as much as an
order of magnitude deficient. However, the X-ray

Fig. 3. Omnidirectional flux spectra of bremsstrahlung
photons at several atmospheric depths for an incident
exponential electron spectrum with an e-folding energy of
10 ke V. The dashed lines show the results of previous
Monte Carlo calculations (SELTZER and BERGER, 1974;

BERGER and SELTZER, 1972).
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where the flux <I>(x, k) can be obtained from equa-
tion (14). The energy deposition function As(x)
has units of keV/cm2 sec (gcm-2). Deposition in
keV/cm3 sec is obtained by multiplying As by the
mass density p(x) in g/cm3. Here the density func-
tion p(x) from the CIRA 1965 Mean Atmosphere
will be assumed for comparison with the results of
Berger et at.

The bremsstrahlung deposition function As at
three altitudes was evaluated for an incident expo-
nential electron spectrum with IX equal to 10 keY.
The X-ray spectra in Fig. 3 give As at approxi-
mately 60, 45 and 32 km, which correspond to
0.23, 1.58 and 9.50 g cm-2 respectively if the CIRA
1~65 atmosphere is invoked.~These points are plot-
ted in Fig. 7. To obtain more detailed altitude
coverage, many local X-ray spectra could be con-
structed. The deposition profile from impact ioniza-
tion (LuHMANN, 1976) is shown for comparison
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Fig. 5. Omnidirectional flux spectra of bremsstrahlun~
photons at the top of the atmosphere and at 3.25 g cm-
for incident electron spectra with power law-exponential

forms.

fluxes predicted in Figs. 3-5 for the soft electron
auroras with power law exponential and exponen-
tial spectra are probably good approximations to
the observable values.

(b) Energy deposition profiles

In a previous report (LUHMANN, 1976) the al-
titude profiles of the energy deposited in the at-
mosphere by electron impact ionization were dis-
cussed. The X-rays that are generated by electron
precipitation also deposit energy in the atmosphere
through photoelectric and Compton absorption.
Because they are on the average more penetrating
than the electrons, the auroral X-rays, which rep-
resent only a small fraction of the total energy in
the incident electron stream, can dominate the
energy deposition in the lower D-region of the
ionosphere.

X-ray energy deposition vs altitude profiles can

0 PRESENT WORK

-LUHMANN 119761
---BERGER et all19741
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Fig. 7. Energy deposition pro61e for an incident exponen-
tial electron spectrum with an e-folding energy of 10 keY.
The peak at 100 km is the result of impact ionization.
Below 70 km the energy is deposited by bremsstrahlung
X-rays. These results are normalized to unit incident
electron current. The dashed line is derived from a previ-

ous Monte Carlo calculation (BERGER et al., 1974).
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together with a total energy deposition profile de-
rived from the results of BERGER et al. (1974).
These profiles emphasize the need for including
auroral bremsstrahlung as an energy source for the
lower ionosphere.

tion of an infinite, plane parallel atmosphere is
justified. Energy deposition by the X-rays can be
determined from their spectra.

The adaptation of this integration procedure to
other atmospheric emissions excited by auroral
electrons is straightforward. For example, to find
the O2 or N2 fluorescent Ka line flux at various
atmospheric depths one merely needs to replace
the cross section for bremsstrahlung emission in
equation (9) with the cross section for Ka line
emission. The Ka X-rays are subject to the same
absorption mechanisms as bremsstrahlung X-rays.
Hence, the atmospheric X-ray emissions excited by
various forms of auroral electron spectra can be
predicted rather easily once a code is set up to
perform the bremsstrahlung calculation.

4. CONCLUDING REMARKS

A method for computing the bremsstrahlung X-
ray fluxes generated by auroral electrons in an
infinite plane, parallel atmosphere has been de-
scribed in detail. The agreement between the re-
sults of these calculations, and the results of
BERGER and SELTZER (1972) demonstrates that
this procedure can provide a useful alternative to
the Monte Carlo approach. Like the Monte Carlo
calculation, this numerical integration method al-
lows the prediction of the upward and downward
flux spectra of bremsstrahlung X-rays at arbitrary
altitude. It provides a particularly efficient means of
finding the auroral X-ray flux at a few specific
a.:pth and energy points in cases where the assump-
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