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Abstract

A number of researchers are developing novel Compton scatter instruments, designed to track y-ray interactions
within their detector volume with high spatial and spectral resolution. Many of these instruments are designed as
Compton imagers, where the initial photon direction can be determined through the Compton scatter formula to within
an event circle on the sky for astronomy, or an event cone for near-field imaging. If the y-ray scatters more than once
before photoabsorption in the instrument, it is possible to use the polarization-dependent Klein—Nishina differential
cross-section to constrain the probability density of the initial photon direction along the event circle. Here we derive
this probability density, which will improve the imaging capabilities and sensitivities of Compton imagers.
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1. Introduction

High-resolution Compton scatter instruments,
designed to track soft y-ray photons (0.2-10 MeV)
as they Compton scatter through an active
detector volume, are finding increased use in
astronomy, nuclear physics, medical imaging,
and industry. In astronomy, these instruments
are known as Compton telescopes, and their
development began in the 1970s [1-3]. This first
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generation of Compton telescopes culminated in
the successful flight of COMPTEL on the Comp-
ton Gamma-Ray Observatory [4]. Currently, a
number of research groups are working on much
more powerful Compton telescopes, designed to
track y-ray scatters with very high spectral and
spatial resolution, as well as high efficiency [5-9].

Compton telescopes work on a well-known
principle (see Refs. [5,10] for overviews): by
measuring the positions and energies of photon
interactions in a detector volume, the initial
photon direction can be reconstructed using the
Compton scatter formula to within an annulus on
the sky, known as an event circle (Fig. 1). The
uncertainty, or width, of this event circle depends
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Event Circle

Fig. 1. Novel Compton scattering instruments track a y-ray as
it scatters (interactions 1 and 2) and eventually gets photo-
absorbed (interaction 3) in an active detector volume—
measuring the locations and energies with high resolution.
Using the measured information, the initial photon direction
can be determined to within an event circle. Here we define a
coordinate system such that Z is the direction from the second
interaction site (2) toward the first interaction site (1), and the
-2 plane contains the first three photon interaction sites.

on the spectral and spatial resolution of the
detectors, but also has a fundamental limit due
to Compton scattering of bound electrons. These
event circles form the starting point in a number of
different techniques for image reconstruction
[10,14,15]. In order to aid in the reconstruction, a
number of researchers are developing instrumental
techniques of constraining the photon direction to
an arc on the event circle by measuring the recoil
direction of the electron of which the initial
photon scattered [7,8]. While this technique is
promising for y-ray energies above a few MeV, it
remains difficult to measure the electron recoil
direction at lower energies.

In principle, if a photon undergoes multiple
Compton scatters in the detector volume before
finally being photoabsorbed, we can use the
polarization properties of Compton scattering to
help further constrain the initial photon direction
along the event circle [11,12]. Assuming the initial
photon is unpolarized, the scattered photon will be
partially polarized in a direction perpendicular to

the scatter plane. When the photon undergoes a
second scatter, the scatter direction is most likely
to be perpendicular to this polarization direction,
and hence in the same plane as the initial scatter.
How well this helps constrain the initial direction
of the photon depends on the photon energy, as
well as the first and second Compton scatter
angles. This technique has been demonstrated
elsewhere through Monte Carlo simulations
[11,12]. For image reconstruction, we would like
to build upon this earlier work by deriving a
simple analytical formula for determining the
probability density of the initial photon direction
along the event circle. Here we rederive the
constraints that the polarization-dependent colli-
sional cross-section places on the Compton event
circles. Given a measured initial photon energy (by
summing the individual interaction energies, or by
using three-site Compton reconstruction [13]), and
the Compton scatter angle of the first and second
interactions, we derive the probability density for
the initial photon direction along the event circle.

2. Scatter theory

Using polarization to constrain the Compton
event circle is a two-step process. First, given the
direction of the photon after its second scatter, we
can determine the most-likely fractional polariza-
tion of the photon before this scatter (i.e. after the
initial scatter). Second, given this fractional
polarization and the initial Compton scatter angle
implied by the interaction energies in the instru-
ment, we can determine an azimuthal probability
density for the initial photon direction along the
event circle.

2.1. Fractional polarization after the first scatter

Here we treat the photon after its initial scatter
as partially polarized, with the fractional intensity
of each linear polarization proportional to the
differential collisional cross-section for that polar-
ization component to undergo the observed
second scatter. The polarization of the photon
after the second scatter is unimportant, so the
Klein—Nishina differential collisional cross-section
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must be summed over all directions of polarization
for this scatter. From Eq. (2.3) in Ref. [16],

do
dQ
where f is the ratio of the photon energy after the
scatter to its energy before scattering (determined
by the Compton scatter formula), 0 is the
Compton scatter angle, # is the angle between
the photon polarization plane before scattering
and the scattering plane, and ry is the classical
electron radius.

We define a convenient coordinate system
(Fig. 1), where Z is the direction from the second
interaction site toward the first interaction site,
and the y—Z plane is defined as that containing the
first three photon interaction sites. Using this
coordinate system, we can define the two compo-
nents of the scattered photon polarization as & =
X 1=90°) and & =) (n=0°). Given these
definitions, we derived the most-likely components
of the linear polarization after the initial scatter
using Eq. (1):
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and f is the ratio of the photon energy after its
second scatter to its energy before this second
scatter, and ¢’ is the Compton scatter angle for this
second scatter.

2.2. Probability density along the event circle

From the measured interaction energies, we can
reconstruct the initial Compton scatter angle 0
from the Compton scatter formula. Given this
angle and the fractional polarization derived
above, we can find a probability density in ¢
along the Compton event circle for the initial
photon direction. Here we assume that the initial
photon is unpolarized. In our coordinate system
defined in Fig. 1, for a given ¢, we can define the

initial photon direction, and two perpendicular
directions for the polarization components,

ro = [sin 0 cos ¢, sin 0 sin ¢, cos 0] ®)
& = [—cos 0 cos ¢, —cos 0 sin ¢, sin 0] (6)
& = [sin ¢, —cos ¢, 0]. @)

Assuming an initially unpolarized photon, we
must sum over all possible orientations of the
initial photon polarization. This is equivalent to
taking I} =1, =0.5. For each possible initial
azimuthal angle, ¢, we define its relative prob-
ability density as proportional to the sum of the
four combinations of initial and scattered frac-
tional polarizations multiplied by the differential
collisional cross-section for scattering between the
two polarization components,

2
p(@)oc Y LI do(é, &) ®)

ij=1

where now we use the Klein—Nishina differential
collisional cross-section formula that depends on
both the initial and final polarization directions,
from Eq. (2.1) of Ref. [16],

do 1}

Q2

Plugging in this cross-section and renormalizing

p(¢) such that the integral over d¢ is equal to

unity, we find that,

[B+ B~ — 21/ sin® O sin* ¢ — 21, sin® O cos? ]
2a[f + p' — 2sin’ 0]

[B+ B —2+48 &) ©)

P(d) =

(10)
where I{ and I are given by Eqs. (2) and (3).

2.3. Modulation of the event circle probability
density

From the definition of & and & in our
coordinate system, we always have I{ >1I}. There-
fore, p(¢) is always maximum when ¢ = 0°, 180°;
and p(¢) is minimum when ¢ = 90°,270°. There-
fore, we can define the modulation of the
probability density along the event circle as

_ p(0%) — p(50°)

= 00%) F p(90°) an
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Fig. 2. Modulation, yu, of the event circle probability density as
a function of the second Compton scatter angle, ', for three
values of the initial Compton scatter angle (0 = 30°, 60° and
90°), and several values of the initial photon energy between
0.2-2 MeV.

In Fig. 2, we plot this modulation as a function of
the second Compton scatter angle, ¢, for several
soft y-ray photon energies and initial Compton
scatter angles, 0. As could be expected, the
modulation is strongest at lower energies, but
remains significant for photon energies above

1 MeV, especially when both scatters have Comp-
ton scatter angles near 90°.

3. Discussion

Image reconstruction using Compton telescopes
often begins with the event circle probability
distribution [10,14,15]. From our modulation
curves, we can see that for photons below
~0.5 MeV, taking the polarization effects into
account, can dramatically improve the probability
distribution for the initial photon direction along
the Compton event circle. Even at higher energies,
this probability distribution should significantly
improve image reconstruction techniques. This
will be especially true for very compact Compton
scatter instruments, which are dominated by large-
angle scatters, as opposed to traditional Compton
telescopes which predominantly measure shallow-
angle scatters. Even a modulation of 0.33, readily
achieved at 1 MeV, corresponds to a density
variation of a factor of 2 around the event circle.
While this provides marginal help in localizing any
individual photon, it provides a very significant
improvement for image reconstruction techniques
designed to maximize a likelihood statistic for
many events.
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