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We present a new unified covariant description of electromagnetic field properties for an arbi-
trary space-time. We derive a complete set of irreducible components describing a six-dimensional
electromagnetic field from the Maxwell and metric tensors using the symmetry group SL(2,C). For
the special case of a flat space-time metric the components are shown to correspond to the scalar
invariants of the electromagnetic field, the energy-momentum-stress tensor and in addition, three
new tensors expressing physical observables of rank two and four, respectively. We make a physi-
cal interpretation of one of the new rank two tensors as describing a classical intrinsic spin of the
electromagnetic field.

I. INTRODUCTION

The electromagnetic field in Maxwells theory is since long known to satisfy important symmetries and consequently
satisfy conservation laws. For example the conservation law Tf s = 0 where T is the usual energy-momentum-
stress tensor expresses the conservation of energy, momentum (Poynting) and stress densities of the electromagnetic
field in a (local) Minkowski space. However, these are not the only symmetries and conserved quantities of physical
relevance. In Minkowski space the Maxwell equations are invariant under the important inhomogeneous Lorentz
group, or as sometimes called, the Poincaré group. The flat spacetime of Minkowski space exhibits the maximum
degree of symmetry one can obtain.

Moving to the curved spacetime of general relativity many of the symmetries are lost, and conservation laws applies
only locally. A group arising naturally in the study of general relativity is the group SL(2,C), the group of complex
unimodular 2x2 matrices. There exist a homomorphism between SL(2,C) and the proper, orthochronous, homogeneous
Lorentz group L,

SL(2,C) — L, (1)

reflecting the fact that SL(2,C) is the covering group of L and indicating how local Lorentz invariance is retained.
In this paper we present a new unified treatment of the symmetries of the electromagnetic field in a general Rie-
mannian spacetime by calculating the irreducible components of the covariant spectral density tensor. By performing
a Fourier transform in time and considering the complex spectral densities we have further generalized to wave fields.
In section ([l) we define the problem of finding the irreducible components by expressing the possible bilinear forms
of the electromagnetic field in terms of the covariant spectral density. We then translate this to an equivalent problem
under the group SL(2,C) by transforming to the tangent spinor space. After decomposing the spectral density spinor
into irreducible components under SL(2,C) we transform back to the equivalent tensors in Riemann space. In section
(D) we study the important special case of a flat spacetime and calculate the components explicitly. Some of them are
shown to correspond to well known objects in Maxwells theory, while other components obtained have not previously
been found in the litterature. Finally, in section ([M]) we discuss our conclusions and present ideas for future work.

II. SL(2,C) THEORY OF WAVE FIELD SPECTRAL DENSITIES
A. Covariant spectral density tensor

The fundamental physical object describing the electromagnetic field is the electromagnetic field tensor f,,,, which
is skew-symmetric in its two indicies

ful/ = _flfu- (2)
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It is comprised of the six components of the electromagnetic field. We wish to categorize an electromagnetic wave
field and therefore decompose the electric and magnetic fields in their spectral components. Let f(¢,7) denote either
the electric field E or magnetic field B at a point in space and time

t
flt.r)=| ftr) |. 3)
The Fourier transform in time, denoted by capital letters, is then given by

ﬂmﬂ:/ff@ﬂ&W (4)

In the following we assume that the fields E, B and hence the tensor F),, are Fourier transformed according to (@).
This implies that the the tensor F),, (w,r) is now complex. We form all possible bilinear forms of the electromagnetic
field by constructing the outer product

S=FgF! (5)
which in tensor notation becomes
Saﬁv& = Faﬁm (6)

where the bar denotes complex conjugate. We call the complex tensor S5 in Eq. (@) the covariant spectral density
tensor. From its definition and the skew-symmetry of F,,,, Eq. (), the symmetries of S,g+s5 follows as

Sapys = —Spays = —Sapsy = Spasy (7a)

Saﬁ'yé = S’yéaﬁ- (7b)

Note that the decomposition in this section is not dependent on the particular transform used, but rather on the local
structure and symmetry of the tensor Sqg+s. This tensor have 4* = 256 complex components, but only 36 of these are
independent due to the symmetries expressed in Eq. ([Zal). This number is further decreased to half by the symmetry
in Eq. ). Accordingly, we find that S5 behaves as a six-dimensional hermitian matrix and has 36 independent
real valued components. To find these we will find it convenient to reduce Sog+s into its irreducible parts. This will
be done in the spinor formalism of SL(2,C).

B. Spinor representation of spectral density

Spinors arise in the representation theory of the group SL(2,C). For a short review of the theory of spinors, see
Appendix [A] or a general reference such as [l]. According to Eq. [AZ)) we find the spinor equivalent of the covariant
spectral density tensor to be given by

_ B8 )
SAB'CD'EF'GH' = O4p0Cpi0 LG Sapyé (®)

where the o/} 5,-matrices are the Infeld van der Waerden symbols, related to the metric tensor g,,, by Eq. [(A2). We
call the spinor Sap'cp Er ar the spectral density spinor. The symmetry condition Eq. ([a) and Eq. () implies

SapcpEFagH = —ScpAB'EF'GH' = —SAB'CD'GH EF'- (9a)

Since Sug+s is complex, the spectral density spinor is not hermitian in its indicies. To find how Sap/cp EF cH’
transforms under complex conjugation we consider Eq. () and Eqs. [@) with the result

Sapcp EFgH = SHG'FE'DC'BA’ = SH/GF'ED'CB'A- (9b)

To find the decomposition of the spectral density spinor we make the observation that the equivalent spectral
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density tensor satisfies some of the same symmetries, Eq. ([Za), as the Riemann tensor. We therefore let [, 4] inspire



us in the decomposition and make use of the identities Eqs. (AIIIAT). Writing the spectral density spinor in a

symmetric form

1
SapcpEFcr’ = 5 (Sapcp EFgH — SCB'AD'EF'GH)

1
+5 (SoBap EF'GH — SCD'AB'EF'GH')

and applying Eq. (BAT2) gives

1 I
Sapcperen =3 (eac Sip’ppram+
J/
T Scra” B EB/D/)

Writing Eq. () in symmetric form and using Eq. [(AT2) once more on each term results in

1 /

I J I K
SAB/CD/EF/GH/ = ZEAC (SIB/ D'JF’ H' EEG"’SIB/ D'EK'G EF/H/)
T S O A
4 \PArc JF H' “EG AI'C

For the spinors in the last three terms in Eq. ([2) we introduce the notation

1 I K’
]-—‘B’D’EG = ZS]B/ D'EK'G

’

K/
EK'G 5F’H’) EB'D’

1 ,
I J
AACF/H/ = ZSAI’C JF' H'

1 I K’
YaceG = ZSAI/C EK'G
From Eq. ([@a) and Eqgs. (BHH) it follows that the symmetries of the decomposed spinors are

I'sprec =Tp s EG =TBDCGE
Ascra =Acara = Dacu r

Y ACEG = XCAEG = Y ACGE-
For the first term in Eq. (IZ) we obtain

1 1 =
I _ J’ I _
ZSIB’ D'JF' H' = ZSFJ,H BI'D = XF'H'B'D

(10)

(16)

(17)

(18)

(19)

where we have used Egs. [@) and Eq. (Id). The I' and A-spinors in the second and third terms of Eq. [[Z) both contain
mixed indicies and do not satisfy a relation similar to Eq. ([d). Instead they transform under complex conjugation

as

I'sprec =TeaBp =TEGB D!

Ascra = Argac = A aiac
where we have used Eqs. {@). Hence, Eq. (I2) can be written s
Sapcp EFGH =
eacErapp €ec+ T pEG €Frm)+
(Aacr ' €BG + XAcEG €EF/H!)EB D -

(20)

(21)

(22)



C. Number of independent parameters

From Eq. @) we may find the number of independent parameters needed to fully describe an electromagnetic
wave field. Introducing the notation (1,2,3) = (00,01 = 10,11) we can write the components of the ¥ 4¢gg-spinor
as 20000 = 211, 21000 = 20100 = 221, 21100 = 231, and smnlarlly for the other COIIlpOIleIltS. From the symmetries in
Eq. [I¥) we can then view the components of ¥ scpg as a matrix ¥ with nine independent complex components

Y11 Y12 13
Y= Z2 Zon Zos (23)
Y31 Y32 X33

or equivalently 18 real independent components. The Ascp g and I'pprgpe spinors in addition to Eq. ([[) and
Eq. (D) also satisfies Eq. [ZI) and Eq. [20). Hence the corresponding matricies behaves like hermitian 3 x 3 matrices
Aij = Aji, Tyj = Tyj; where (4,7) € (1,2,3), ie A = AT, T' = I'l. Therefore the spinor Ascp/ g has three real
components A1, Agg, Asgs and three complex components Aja, A13, Aog, in total nine real independent components.
The same applies to the I'g/p pe spinor. In total we find 18 + 9 4+ 9 = 36 real independent components describing
the wave electromagnetic field in the spinor formulation, in accordance with the discussion following Eq. ().

D. Irreducible spinor representation

Eq. (22) is still not on an irreducible form. To find the first irreducible component we form the contracted spinor

_ QEF’ —
SAB’CD’ - S AB'EF'CD’' —

eacepps(A+ X)) —=Tpiprac — Aacs pr (24)

where we have defined A as the trace of the 3 spinor

A=3,5F (25)
and used
A
EAEEC = §EAC (26)
= F’ A*
ED/F/ B! — 75D/B/. (27)

The trace S of the contracted spinor Sap/cp

’ ’ ’
S = SAB,AB = EAGEB H SAB’GH’ =

20+ A) =T, A - A4 =200+ )%) (28)

is thus real. We now form the spinor

1
Mapcp = Sapcp — ZQAB'CD'S (29)
which is traceless by construction and hence irreducible. From its definition we find the relations

Mapcpr = —I'sprac — Aace b (30)
Mapcp = Mcprap: (31)

Mapcp = Mpapcr. (32)



Calculating the trace of the terms involving the T and A spinors in Eq. ([22) we find

EEGEF/H/(

Mapcp = eqgasrp B EC

+epcen B AGAF D). (33)

We therefore write these terms in a form symmetric and anti-symmetric in exchange of the first and second against
the third and forth pair of indicies with the result

EACaF’H’FB/D/EG + EEGEB/D/AACF’H’ =

1
§(EEGEB’D’DAF’CH’ —cacerw Depap —eacer uMepap — €pcep D MarcHr) (34)
where we have also defined
Dapcp = —T'sprac +Aace b (35)

which has the same symmetries as M 4p/cp’ and is also traceless.
It remains to find the irreducible parts of the ¥ spinors in Eq. [22). To this end we write ¥ in a form utilizing the
symmetries expressed in Eq. ([8)

1 1
Yapecp = Yapep + g(EABCD —YpaBc) + g(EABCD —YcpaB) + g(EABCD —YBcpa)+
1 1
+§(EABCD —Xppac) + g(EABCD —X4cDB) (36)
where
1
Yapcp = g(EABCD +Xpapc +Xcpap +

+YBcpa +EXpBAc + XacDB) (37)

is a completely symmetric spinor,
Vapep = VYpacp = Vaspe = VYacsp. (38)
Using Eqs. (A1) and ) on the remaining terms of Eq. (B) we find
Yagep =V¥Yapep + %(5AC<€BD +eapepc) +EaBcp (39)

where we have defined the spinor

§apcp = Z(XaBcp — XcpaB) (40)

| =

satisfying the symmetries

§aBop = EBacD = aBDC = —§CDAB- (41)
Inserting Eq. B9) and its complex conjugate equivalent into [22) and using (B4 finally gives

SapcpErar = Capcp Ercr +
*

A
+EEB’D’5F’H’ (eapecc +cacecE) + KEACEEG(EF’B’EH’D’ +erpenp)+
+§(5EGEB’D’DAF’CH’ —cacerw Depap —caceruMepap — €ecep D Mar cn)(42)

The spinor Cap'cprerga is defined by



Cap'cp'EFaH = AapcD EFGH + BAB CD'EF GH (43)
where
Aspceperen =VYacecermepp + YF H B DEACEREG (44)
and
BupcpErGH = EACEGEF HEB D' + Eprp 3 DI EACEEG (45)

The decomposition of Capcpgr gy into A and B is equivalent to a decomposition of the spinor into real and
imaginary parts, Aapcp erar = R(Capcperar) and Bapoperan = S(Capop eran’). The spinor
Aap cp eram is identically zero when contracted over the first and third pair of indicies

EF’
A apErcp =0 (46)

due to its symmetries and real valuedness which is readily verified after some straightforward algebra. The spinor
Bapcp eram can be contracted to form

’

Tapcp = BE" AB'EF'CD’ (47)
satisfying
Yapcp = —Ycpap =Yepap (48)
and which is traceless in turn
TAB’CD'AB/CD/ -0 (49)

Equations ([E2HT) is comprised only of scalars or traceless spinors and hence is the sought irreducible representation
of the spectral density spinor. In summary the decomposition is

SapcpEraH = AapcpErea ® Yapcop
® Mapcp ®©Dapcp © A (50)

Counting components we find that Eq. 3] has 5 plus 3 complex components from ¥ and ¢ respectively, which follows
from the symmetries. From the discussion in section ([IT)) we know that the I and A spinors has 9 real components
each which implies that M and D have 18 real components in total. Together with the complex invariant \ it adds
up to 36 independent real components, in agreement with the above discussion.

E. Relation to the Riemann tensor

We may note that if the covariant spectral density tensor was real and satisfied Sagys = Sysap instead of
Eq. () it would satisfy the same symmetries as the Riemann tensor, Sapys = Rapys. Indeed in such a case
DAB’CD’ = 0, gAB’CD’ = O, FAB’CD’ = ZCD’AB’ so that MAB’CD’ = 2AAB’CD’ would be the traceless Ricci spinor,
AAB’CD’EF’GH’ = \I]ACEGEF’H’EB’D’ + ﬁF’H’B’D’EACEEG the traceless Weyl spinor and A = A\* = R would be the
Ricei scalar curvature. Hence Eq. ([@2) would be completely analogous to the irreducible spinor representation of the
Riemann curvature tensor.

F. Irreducible tensor representation

It is interesting to transform Eq. [@2) to its tensor form, using the relation between a spinor and its equivalent
tensor, given by Eq. (Ad). In summary, we can write this decomposition of the covariant spectral density tensor into
its irreducible components symbolically as

Sapys = Aapys ® Tap ® Map @ Dap @ A, (51)



with the number of independent components 10464+9+49+42=36. In connection to this it is worthwhile noting that
the complex scalar invariant A, the only quantity of the electromagnetic field different observers agree on, satisfies

1
RN = ZFWF“” (52)
x 1 * TV
S\ = —gFH,, F (53)
where *F*" is the dual tensor
1
R = 5E‘L””"Fpg. (54)

Hence, we recover the two scalar invariants of electromagnetic field theory as the real and imaginary parts of the
complex scalar invariant of the covariant spectral density tensor.

III. SPECIAL CASE: FLAT SPACETIME

In this section we treat the important special case of a flat spacetime in the absence of gravitation, with the
prescribed metric given by

1 0 0 0
am={0 01 o 55)
0 0 0 -1
The electromagnetic field tensor is representated by
0 -E, -E, —E,
e (50

E. B, —B, 0

in natural units where we have put ¢ = 1.
The solution to Eq. [A2) for the given Minkowskian metric Eq. (B3) gives the Infeld van der Waerden symbols

10 01
0 — 1 1 — 1
(’AB/_%<01) (’AB/_7§<10)

0 i 10
2 _ 1 3 _ 1
"AB/—E<—1' 0) "AB/—E<0 —1)

proportional to the Pauli matrices [1]. We now follow the following scheme:

(57)

1. Form the spectral density tensor Eq. (@).
2. Calculate the spectral density spinor Eq. @) using Eq. (&1).
3. Calculate I, 3, A using Eq. (IBHIH).

4. Calculate the irreducible spinor components A from Eq. [Z8), Mapg/cps from Eq. @), Dapg cp’ from Eq. BH),
U from Eq. @B7) and ¢ using Eq. #D).

5. Transform the spinors obtained to their irreducible tensor counterparts using Eq. [(A%) and the spinorally
contravariant form of Eq. [&1).



A. Fundamental objects as irreducible components

By following the above scheme we find the SL(2,C) irreducible tensor components that comprise the spectral density
tensor according to Eq. (&l). The first tensor, the complex scalar invariant A is found to be

A= L [BP - B + % (B-BY) (5%)

We identify the real and imaginary part as the scalar Lagrangian invariant and the pseudo scalar invariant (here
expressed in complex form since the fields are Fourier transformed). As is well known, these are the only two
invariants that exist in Maxwells theory. This is verified here by the fact that only scalars are true invariants under
a general spin frame transformation.

Calculating the components of the first rank two tensor M,z we find

o P, P, P.
P, Ty Typy T
Ma — xT i Ty xrz 59
s Py Tyw Tyy Ty: (59)
PZ Tzz TZ’lj TZZ
where we have used the notation
1
o= (BP+BP) (60)
1 * *
P, = 3 [3? (EyB;)—R (ByEz)] (61)
1
Py =5 [R(E.B}) — R(BIE,) (62)
1 « .
f;::i[%(E;By)—-%(BIE@ﬂ (63)
T;j = —R [E;E; + B;iBj| + b;j0. (64)

We immediately recognize Eq. () as the energy-momentum-stress tensor in Maxwells theory, here obtained as one of
the irreducible components of the spectral density tensor under SL(2,C). We identify as usual o as the energy density of
the electromagnetic field, (P, Py, P,) = %%(E x B*) as the complex Poynting vector and T;; as the three-dimensional
Maxwell stress tensor.

Turning our attention to the second rank two irreducible tensor D, we find analogously

K Q. Q, Q:

D.sg = 65
p Qy Uyae Uy Uy (65)
QZ UZCE UZy UZZ
where we have used the notation
K=-3(E-B") (66)
Q:—%ExW+BxBﬂ (67)

Uij = =S [EfB; — BfEj] + 6;; K. (68)



We identify the Dy component as the imaginary part of the pseudoscalar invariant of the electromagnetic field. Since
also e.g Qy = —C\‘Y(EZE;Jk + BZB;) we note that all components of the tensor D,z can be written as imaginary parts.
In analogy with o, the energy density Eq. ([G0), we may denote Eq. (GO the spin density of the electromagnetic field.
This is because Q, Eq. (D), is only different from zero in the case when the electromagnetic field is elliptically (i.e
not linearly) polarized. We call Q the “spin flux density”.

Finally we calculate the components of the remaining rank four tensor Cyogys. Its real part Anpys is traceless

AV =0 (69)

when contracted. This tensor has ten independent components. In order to write this rank four tensor on a com-
pact form, we introduce the bijective mapping of the index pairs (1,0)<—(1), (2,0)<(2), (3,0)<(3), (3,2)—(4),
-(3,1)«(5), (2,1)«>(6). We can then construct the column sixtors Ay, where for example the first vector is
Al = (A1010,A1020,A1030,A1032,—A1031,A1021)T. The tensor Aagfy(; is then equivalent to the 6x6 matrix Akl =
(A1 As A3 Ay As Ag). In index notation it becomes

FE F
Aaprys < < Ja —E> (70)
where the two block matrices
1 2
E = Ei; = —5R(E B — Bi Bj) + zR(V)3;; (71)
and
1 . 5 2
F= Fij = —iy(Ez Bj + Bi E]) + 6%()\)61] (72)

each contains five independent components.
The contracted imaginary part of Cng,s behaves as an anti-symmetric hermitian matrix and have the components

0
Sz 0
Yop = S, Ve 0 (73)
where
S =(S,,S,,8.) = —%%(E x B¥) (74)
is the imaginary part of the complex Poynting vector and
Vij = —5S(EE; - B B)) (75)

is a three-tensor.

B. Physical interpretation

Interestingly, as we noted above, the real part of the scalar invariant Eq. (&) of the electromagnetic field would
play the role of the Ricci scalar curvature in the case of real valued fields. Similarily the energy-momentum-stress
tensor M,z would palsolay the role of the Ricci tensor, while the rank four tensor A,g,s would be analogous to the
Weyl conformal tensor. While we could proceed with the analogy of curvature of spacetime to the “curvature” of the
electromagnetic field, we will not pursue this topic further in the present paper.

The fact that the two possible true invariants of the electromagnetic field are found as the real and imaginary parts
of the complex scalar invariant is natural, since all inertial observers should agree upon their measured values. That
the energy-momentum-stress tensor is found to be an irreducible component under SL(2,C) is encouraging and stress
its importance in Maxwells theory.

More surprising is the (pseudo)tensor D, found as the second irreducible rank two component. To the authors
knowledge, this rank two tensor has not been written down explicitly in this form before[3]. We stress that this
tensor is obtained on equal footing and occur as naturally as the energy-momentum stress tensor in our analysis.
The components of D,g represents observables, with a clear physical meaning of classical “spin”. The new rank four
tensor Cu s is complex valued. Although the contracted imaginary part Tog is containing the imaginary part of the
complex Poynting vector its physical interpretation is not yet clear and is leaved for a future study.
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IV. CONCLUSIONS AND OUTLOOK

We have considered all possible bilinear forms of the electromagnetic Fourier transformed field for an arbitrary time-
independent metric in Riemannian spacetime. The constructed spectral density tensor was decomposed into irreducible
components by considering the spectral density spinor in the complex tangent space introduced under the group
SL(2,C). The spectral density was found to be comprised of the following irreducible components: a complex scalar
invariant corresponding to the two known invariants of the electromagnetic field, the rank two energy-momentum-
stress tensor, another new rank two tensor expressing the spin (polarization) properties of the electromagnetic field,
another rank two tensor, containing the imaginary part of the complex Poynting vector, and finally a new rank four
tensor. This decomposition is expressed in Eqns (B) and ([&I). While the first two tensors (scalar and stress-tensor)
are well known important objects in Maxwells theory, the new rank two and rank four tensors are very little or not at
all previously studied. Since they are irreducible components under the group transformations we propose that they
also are conserved quantities of the electromagnetic field. Considering how they arise as naturally and inevitably as
the ususal energy-momentum-stress tensor, they certainly deserve further study. We leave the detailed study of the
discovered components and their conservation laws to a future investigation.
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APPENDIX A: SPINOR REPRESENTATION OF THE GROUP SL(2,C) IN CURVED SPACETIME

In this appendix we review the theory of spinors and how they are applied to general relativity and this article.
In a Riemannian space one can to each point in space-time introduce a complex two-dimensional tangent space. For
every tensor in Riemannian space there is then a corresponding complex spinor in the tangent spinor space. For every
tensor index labeled with greek letters running over 0, 1, 2, 3 there are then two spinor indices labeled with Roman
capital letters running over 0, 1. Primed spinor indicies belong to the complex conjugate spinor space and and runs
over 0/, 1’. Spinors originate from the representation theory of the group SL(2,C). We use a matrix representation in
which a typical element g of the group SL(2,C) is represented by the matrix

ab
g_(cd>’ ad —bec=1 (A1)

with determinant unity.

The correspondence between tensors and spinors are established by the Infeld van der Waerden symbols, a set of
four 2x2 hermitian matrices oy 5, (¢”), which are functions of space-time. These objects transform as a tensor in greek
indicies, and as a spinor in Roman indicies. They satisfy the relation

Guw OO pr = EACER D! (A2)

relating the Infeld van der Waerden symbols to the metric tensor of Riemannian space and the Levi-Cevita symbols,
represented by

o=t (1), )

The Levi-Cevita symbols play the spinor role analog to the metric tensors. The operation of raising and lowering
spinor indicies are accomplished by

nt =eBng, na=nPepa (A4)

and analogously for primed indicies

¢ =P, b =P epian (A5)
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One can easily check that the spinor of the metric tensor satisfies
JgAB'CD’ = EACEB'D'- (A6)
The relation between a tensor 7T}, and the corrsponding spinor is given by
Tapcp = 04p06p T (A7)

and analogously for tensors with more indicies. If the tensor is real valued, the spinor equivalent is hermitian, e.g the
real valued vector A, have a equivalent hermitian spinor

Aap = Apa = Apra. (A8)

If the tensor is complex the hermicity condition of the spinor does not hold. This is the case for most spinors
encountered in this article. Finally, given a spinor T'ap/cp- its tensor equivalent T}, is given by

AB' _CD’
UM O'U TAB’CD’ = T#,j. (Ag)

We also list the following useful spinor relations

EABECA = —503 (AlO)

éap —Epa = &% ap = e%Péopeas (A11)

VYapep —Ypacp = Vp cpeas =" “Yracpean (A12)
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