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[1] Chorus emissions are a striking feature of the electro-
magnetic wave environment in the Earth’s magnetosphere.
These bursts of whistler‐mode waves exhibit characteristic
frequency sweeps (chirps) believed to result from wave‐
particle trapping of cyclotron‐resonant particles. Based on the
theory of Omura et al. (2008), we predict the sweep rates of
chorus elements observed by the THEMIS satellites. The
predictions use independent observations of the electron
distribution functions and have no free parameters. The
predicted chirp rates are a function of wave amplitude, and
this relation is clearly observed. The predictive success of
the theory lends strong support to its underlying physical
mechanism: cyclotron‐resonant wave‐particle trapping.
Citation: Cully, C. M., V. Angelopoulos, U. Auster, J. Bonnell,
and O. Le Contel (2011), Observational evidence of the generation
mechanism for rising‐tone chorus, Geophys. Res. Lett., 38, L01106,
doi:10.1029/2010GL045793.

1. Introduction

[2] Chorus emissions are whistler‐mode waves generated
in‐situ in the Earth’s magnetosphere. They derive their name
from their identifying characteristic: short chirps of rising
(typical) and/or falling (less common) tones in the audio
range. The electron distributions in regions where chorus is
present are often anisotropic, with T? > T|| [Tsurutani et al.,
1979; Li et al., 2010], and whistler‐mode waves are expected
based on linear theory [Helliwell, 1965;Kennel and Petschek,
1966]. However, the linear theory fails to explain the char-
acteristic chirping. These emissions offer a clear example of
how nonlinear effects can lead to qualitatively different
behavior in a physical system.
[3] The shortcomings of the linear theory drove attention

to nonlinear theories, where it was first shown that whistler
waves in an inhomogeneous medium could stably trap
cyclotron‐resonant electrons [Dysthe, 1971], and that the
resonant current thereby produced could lead to strong
wave amplification [Nunn, 1974; Omura et al., 1991;
Trakhtengerts, 1999]. Starting from the incoherent hiss
predicted by linear theory, cyclotron‐resonant electrons

become trapped in the wave field, leading to strong nonlinear
amplification and chirping.
[4] Although the cyclotron‐resonant trapping theory is well

developed, it is difficult to test directly. The essential feature
of the theory is the alteration of the distribution function
through phase‐bunching of electrons, which has been dem-
onstrated in electron‐hybrid simulations by Katoh and
Omura [2007], who term the resulting structure in phase
space an “electromagnetic electron hole”. Unfortunately, the
electromagnetic electron hole rotates with the local gyrofre-
quency (order of kHz) making its direct observation impos-
sible with any existing electron instrument.
[5] Although observing the electron hole itself is not

practical, there are other ways of experimentally testing the
available theories; Santolík [2008] provides a good review.
Using a Vlasov hybrid simulation, Nunn et al. [2009] were
able to successfully reproduce chorus elements similar to
those observed by the Cluster satellites, while Trakhtengerts
et al. [2007] and Santolík et al. [2008] were able to explain the
spatial variation of observed chorus frequency.
[6] Recently, Omura et al. [2008, hereafter OKS08]

pointed out another possible test: their theory predicts a
sweep rate that is a function of wave amplitude. The theory
applies to narrowband, rising‐tone chorus, excluding both the
(rare) falling tones [Tsurutani and Smith, 1974], and fine
amplitude structures within the packet [Santolík et al., 2004].
They showed agreement with simulations and pointed out a
rough consistency with published observations. In this paper,
we follow up on this proposed amplitude‐sweep rate relation
by first extending OKS08’s relation to use arbitrary distri-
bution functions, and then directly comparing the resulting
relation to in‐situ observations of rising‐tone chorus.

2. Theory

[7] The above theories rely on particles which are Doppler‐
shifted to the local cyclotron frequency, that is, having par-
allel velocities

vk ¼ vR ¼ 1

k
!� We

�

� �
ð1Þ

where w and k are the frequency and wave number of the
whistler wave,We = eB0/m is the gyrofrequency, B0, c, −e and
m are the background magnetic field, speed of light, electron
charge and rest mass, and g2 = 1/[1 − (v||

2 + v?2 )/c
2] is the rel-

ativistic correction. These particles interact resonantly with the
wave, and can gain or lose large amounts of energy; it is their
dynamics which control the growth or damping of the wave.
[8] For finite‐amplitude waves, some of the resonant par-

ticles can become trapped in the wave field, interacting with it
over many wave periods. Trapped particles bunch about a
specific phase within the wave, leading to a current which is
also resonant with the wave [Dysthe, 1971]. The J × B force
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resulting from this current can then do work and transfer
energy between the wave and the particles. If JE is the current
perpendicular to the wave magnetic field Bw, then the wave
growth/damping is governed by

@Bw

@t
þ vg

@Bw

@z
¼ ��0vg

2
JE ð2Þ

(OKS08) where vg is the group velocity of the wave propa-
gating along z.
[9] The resonant current JE can be calculated by separating

phase space into two parts: the part occupied by trapped
particles, and the part occupied by untrapped particles. The
trapped particles occupy a volume C in v|| − z phase space
which is locked about a phase‐locking angle z = z0; the
charge contained in this resonantly‐moving electron hole
creates a current. The untrapped particles are assumed not to
generate a substantial resonant current. The signs combine
such that the wave grows if the phase space density in the
trapped region is less than that of its surroundings (a “hole”).
Defining the perturbation g as the phase space density of the
surrounding untrapped particles minus the phase space den-
sity in the hole, the resonant current JE is

JE ¼ �e

Z ∞

0
gv2?C sin �0ð Þdv?: ð3Þ

The phase‐space volume C and the phase‐locking angle z0
are calculated by OKS08. The latter is defined through the
inhomogeneity factor S as sin(z0) = −S, where

S ¼ � 1
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The phase‐space volume inhabited by trapped particles is an
eye‐shaped region in the z‐v|| plane centered on v|| = vR, z = z0
with volume

C ¼ 2eð Þ3=2�v5=2?

ffiffiffiffiffiffiffiffiffiffiffi
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where z1 and z2 are the edges of the trapping region: z1 is the
other root of sin(z1) = −S and cosz2 + Sz2 = cosz1 + Sz1. For a
graphical description, see Figure 1 of OKS08.
[10] The essential feature of equations (4) and (7) is that the

resonant current JE is a function of the sweep rate ∂w/∂t
through its dependence on S. This is the key to determining
the sweep rate: based on equation (2), the fastest‐growing
wave will be that which maximizes the resonant current JE.
[11] All that remains is to find g, the phase space density

perturbation in the hole. OKS08 assumed a ring distribution
of particles with a delta function at v? = v?0. This simplifies
equation (3), yielding an analytic prediction for the sweep rate
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(OKS08, equation 49) where wt and g are to be evaluated
using v? = v?0.
[12] For a more general distribution, the perturbation den-

sity g = g(v?, v||) depends on details of the trapping dynamics
and cannot be so easily estimated. Fortunately, the absolute
value of g is not required to calculate the sweep rate. All that
we require is an estimate for the functional form.
[13] The electron hole is created by electrons in first order

resonance (v|| = vR) which are trapped in phase with the wave.
For a rising tone, vR decreases with time, and these trapped
particles move to smaller v||. If this process transports a region
of low phase space density into a region of high phase space
density, then the trapped region has a phase space density less
than its surroundings, g is positive and the wave will grow.
Hence, g depends on the initial distribution function and on
how the trapped particles move in v?.
[14] Neglecting any strictly spatial variation ∂W/∂z (an

assumption justified a posteriori below), then all particles

Figure 1. Spectra of (top) electric and (bottom) magnetic wave activity on THEMIS‐D, with half‐multiples of the local gyro-
frequency in black. Black bars between the panels denote times when high‐resolution timeseries data are available. The inset
shows a single chorus element: 0.3 seconds of magnetic power spectra, with a linear frequency axis.
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near the cyclotron resonance (trapped or not) are constrained
by the integral of motion

vk þ !

k

h i2
þv2? ¼ constant: ð9Þ

[Dysthe, 1971]. The trapped electrons follow the family of
curves satisfying this constraint, where w/k always corre-
sponds to the resonant wave. These curves are well‐known
from quasi‐linear theory, where they go by the name of dif-
fusion curves [Gendrin, 1981; Summers et al., 1998].
[15] We therefore assume a functional form g(v?,v||)

/ ∣Dg0∣R, where ∣Dg0∣R is the change in the initial
(unperturbed) phase space density g0, evaluated along the
diffusion curve R from the initial vR to the final vR. We
assume that the unperturbed distribution is dependent only
on v|| and v?. Substituting into equation (3), the resonant
current becomes

JE / � 2eð Þ3=2�
ffiffiffiffiffiffiffiffi
Bw

m0k

r Z ∞

0
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is a normalized resonant current dependent only on S.
[16] We can now estimate the sweep rate directly from the

observed electron distribution function. The fastest growth
occurs for maximum −JE. At a given Bw, we thus calculate
JE(∂w/∂t) by numerically integrating equation (10),and then
locate the value of ∂w/∂t giving the maximum −JE.
[17] In some cases, the function v?

5/2 ∣Dg0∣R may be rather
sharply peaked at some value v? = v?0, for example if there

is a steep step in the phase space density. The simplified
expression (8) could then be used directly.

3. Comparison to Observations

[18] To test the predictive ability of the theory, we use data
from the THEMIS mission [Angelopoulos, 2008], with five
satellites in equatorial orbits about the Earth. The spacecraft
frequently encounter chorus activity [Li et al., 2010], and in
Figure 1 we show time‐frequency spectra of the magnetic and
electric fields from THEMIS‐D (P3) for an interval on
04 December 2008 when the spacecraft was at a radial dis-
tance of 6 to 7 Earth radii and within 2.5 degrees (1900 km) of
the magnetic equator. The proximity to the equator places the
spacecraft near the chorus source region [Santolík et al.,
2003] where the waves have not been significantly modi-
fied by propagation. The spectra have been computed
onboard by the Digital Fields Board (DFB) [Cully et al.,
2008] using data from the Search Coil Magnetometer
(SCM) [Roux et al., 2008] and the Electric Field Instrument
[Bonnell et al., 2008]. Black lines in Figure 1 show 0.5, 1, 1.5
and 2 times the local gyrofrequency fce computed from the
Fluxgate Magnetometer (FGM) [Auster et al., 2008].
[19] The electromagnetic wave activity below fce /2 is

consistent with lower‐band chorus activity. High‐resolution
time‐series data are available during the intervals marked
between the panels of Figure 1; this data confirm that the
waves are right‐hand circularly polarized and field‐aligned to
within about 15 degrees, with rising‐tone chirps. The inset
shows an example of such a chirp. After 0420 UT, there is
also some activity in the upper chorus band between 0.5 fce
and fce, with a gap in power near 0.5 fce [Tsurutani and Smith,
1974]. Intense electron cyclotron harmonic waves are present
near 3/2fce for some of the interval.
[20] As noted byOmura et al. [2008], the sweep rate should

be linearly related to the amplitude for constant plasma
parameters (see equation (4)). Figure 2 is a plot of the
observed sweep rate as a function of Bw for the 21 chorus
elements identifiable in the high‐resolution data intervals
between 04:04 UT and 04:16 UT. The sweep rate has been
estimated by plotting the spectrogram and picking out the
times and frequencies of the chorus elements by hand.
[21] The broad bandwidth of the signal (see inset, Figure 1)

leads to relatively large error bars in Figure 2. Nonetheless,
the trend is clear: larger‐amplitude elements exhibit larger
sweep rates. Since the amplitude increases during the sweep,
this relation may lead to slightly curved shapes in the high‐
resolution spectrograms (inset, Figure 1).
[22] We now focus on one particular chorus element at

04:14:52.8 UT (inset, Figure 1). Figure 3 shows a slice in the
v? − v|| plane of the electron distribution function observed by
the Electrostatic Analyzer (ESA) [McFadden et al., 2008]
over the 3 seconds spanning this time. The thick blue lines
show the resonant ellipses (equation (1)) for whistler waves at
0.25 and 0.4 fce, corresponding to the frequency range for the
chosen chorus element. Particles with energies between these
blue lines can interact resonantly with the chorus element.
The thick red lines are the relativistic diffusion curves
[Summers et al., 1998] assuming a cold dispersion relation
with the observed density of 1.7 cm−3. Resonant electrons are
constrained to move along these curves. The dotted lines
show the mirror images for v|| > 0, appropriate to particles

Figure 2. Sweep rate as a function of wave amplitude for
the 21 identified chorus elements between 04:04 UT and
04:16. Error bars demarcate the 20th and 80th percentiles
of in‐sweep amplitude and from repeated estimation of
∂f/∂t. Lines show the minimum and maximum predictions
from the simultaneously‐observed distribution functions.
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which could have resonantly interacted and then mirrored at
lower altitudes.
[23] Consider the resonant interaction region between the

blue lines in Figure 3. For ∣v?∣ < 6 × 107 m/s and within the
resonant ellipses, the contours of constant g0 (thin black lines)
follow the diffusion curves (thick red lines), and are markedly
different from isotropic (dotted lines). In contrast, g0 is closer
to isotropic outside of this region. Hence, the plasma is near
the marginal stability threshold for whistler waves in the
range 0.25 to 0.4 fce and whistler‐stable otherwise.
[24] At perpendicular velocities above 6 × 107 m/s, the

potentially‐resonant part of the distribution becomes more
nearly isotropic (i.e., damping). This sets an upper bound on
the energy of the electrons primarily responsible for the
chorus emissions. One can make a rough prediction of the
sweep rate directly from this observation by assuming that
the peak in v?

5/2 ∣Dg0∣R must occur near or below this value.
Letting v?0 = 6 × 107 m/s in the simplified equation (8),
we predict a sweep rate near 1.5 kHz/s at f = 0.3 fce and Bw =
0.1 nT. The observed sweep rate for the simultaneously‐
observed chorus element is (2.2 ± 0.7) kHz/s at Bw = 0.1 nT,
which agrees surprisingly well with this very rough estimate.
Strictly, the simplified equation (8) applies only if v?

5/2 ∣Dg0∣R
is sharply‐peaked, which is not a very good approximation
here. Maximizing equation (10) numerically yields a pre-
dicted sweep rate of 1.6 kHz/s at Bw = 0.1 nT, in better
agreement with the observed rate.
[25] We predicted the sweep rate‐amplitude relation by

maximizing equation (10) using the observed distribution
functions and plasma parameters for the 21 elements in
Figure 2. The black lines in Figure 2 show the minimum and
maximum predictions. The electron distribution changes only
slightly during the interval 04:04UT to 04:16UT, resulting in
only small variations of v?

5/2 ∣Dg0∣R. The change in magnetic
field strength has a greater influence, resulting in faster sweep
rates at earlier times. These predictions have no free param-
eters and use only data independent from the wave mea-
surements. The good agreement with the wave measurements

in Figure 2 provides strong experimental evidence for the
nonlinear theories.
[26] The non‐zero intercept of the theoretical line with

Bw = 0 results from the spatial derivative ∂We /∂z, which we
calculated assuming a dipolar field. Its small value implies
that the temporal inhomogeneity dominates over the spatial
inhomogeneity for a well‐developed chorus element and
justifies the assumption near equation (9). The spatial inho-
mogeneity term remains small (intercept <0.3 kHz/s) for
∂We /∂z calculated within about 5000 km of the actual posi-
tion. This is consistent with the observed size of the genera-
tion region: several thousand km [Santolík et al., 2003].

4. Conclusions

[27] Theoretically, the nonlinear cyclotron‐resonant theory
of chorus generation is very well developed [Dysthe, 1971;
Nunn, 1974; Omura et al., 1991; Trakhtengerts, 1999].
Unfortunately, testing this theory by comparing it to experi-
mental data is difficult, and has often involved sophisticated
numerical simulation [Nunn et al., 2009; Katoh and Omura,
2007]. However, there are a couple of new and non‐trivial
predictions that are more amenable to testing.
[28] First, the sweep rate is predicted to be a function of the

amplitude (OKS08). As seen in Figure 2, this prediction is
borne out in the THEMIS data. Much of the variation in
observed chorus sweep rates can be attributed to varying
amplitudes.
[29] Second, the sweep rate‐amplitude relationship can be

predicted based solely on the observed electron distribution
function and the magnetic field strength. These predictions
also agree well with the observations.
[30] While rising‐tone chorus elements are observed fre-

quently, they are not the only voice in the magnetospheric
chorus. Falling tones, featureless banded emissions and
obliquely‐propagating waves all lie outside of the framework
presented here. But for the prototypical rising‐tone parallel
chorus element, the good agreement between these predic-
tions and the independently‐observed sweep rates provides
strong evidence in support of the cyclotron‐resonant trapping
theory of chorus generation as expressed by Omura et al.
[2008].

[31] Acknowledgments. We acknowledge NASA contract NAS5‐
02099 for the use of data, and J.P. McFadden for the use of ESA data. The
research of CMC was funded by the Swedish Research Council, grant
2009‐3957.
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