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The role of nonlinear interaction in the formation

of LF whistler turbulence upstream of a

quasi-perpendicular shock

M. A. Balikhin," H. St.-C. K. Alleyne,’ R. A. Treumann,?
M. N. Nozdrachev,” S. N. Walker,' and W. Baumjohann®

Abstract. The role of the nonlinear interaction in developed low-frequency turbu-
lence has been experimentally studied upstream of the ramp of a quasiperpendicular
shock. The study has been carried out by application of the methods of bispectral
analysis and wavelet decomposition to the Active Magnetospheric Particle Tracer
Explorer Ion Release Module and Interball Tail Probe magnetic field data. It is

shown that three-wave processes play a key role in the formation of the spectrum
of the turbulence. Experimental results presented and previous theoretical consid-
erations lead to the conclusion that energy is transfered from a narrow maximum
frequency pumped by nonlinear dynamic processes to lower and higher frequencies.

1. Introduction

Low-frequency oscillations of the magnetic fleld up-
strearn of the Earth’s bow shock have been observed
since the very first satellite experiments. Upstream of
the quasiparallel part of the Earth’s bow shock they are
generated by the beams of ions reflected from the shock
front. For quasiparallel shock geometry the magnetic
field does not prevent the reflected ions from escaping
into the far upstream, thus these waves can be observed
at large distances (up to a few Earth radii R.) from the
front itself.

In contrast, upstream of a supercritical, quasiper-
pendicular shock, low-frequency oscillations in the fre-
quency range 10° — 10% Hz are observed only close to
the shock, at distances which are of the order of the
ion larmor radius (a few hundreds kilometers for the
Earth’s bow shock). These oscillations were identified
as whistler waves [Fairfield, 1974]. Numerous theoret-
ical models have been worked out for the generation
mechanism of these waves {Baltkhin et al., 1997, and
references therein]. All proposed models could be sub-
divided into two types. Models of the first type consider
these waves to be a result of the numerous plasma insta-
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bilities. Other models attribute the generation of these
waves to dynamics of the shock front and consider them
as a part of the internal structure of a shock, some kind
of nonlinear, nonstationary analogue of whistler precur-
sors of a dispersive subcritical shock. Recently the joint
wave number-frequency spectrum for these waves was
experimentally determined on the basis of Active Mag-
netospheric Particle Tracer Explorer (AMPTE) United
Kingdom Subsatellite (UKS) and Ion Release Module
(IRM) measurements. That determination allowed the
validation of the theoretical models proposed {Balitkhin
et al., 1997]. That led to the conclusion that the ob-
served waves can be generated as a result of the non-
stationarity of the shock front itself [Krasnosel’skikh,
1985; Balikhin et al., 1997, or via an instability of
nongyrotropic proton distributions [Wong and Gold-
stein, 1988]. Both mechanisms can only explain wave
spectra with a single maximum. Indeed, the experimen-
tal spectra obtained upstream of the ramp usually have
one prominent maximum with (Af/f} < 1. However,
at frequencies below and above this primary maximum,
other maxima are observed which are less prominent.
The present paper provides quantitative evidence for
the existence of a nonlinear interaction between waves
observed in these main and secondary maxima. It shows
that waves which correspond to the secondary maxima
are the resuit of energy transfer from the main spectral
component.

The importance of such a study is related to the
main process which takes place at the front of a col-
lisionless shock: the transfer of the kinetic energy of
bulk plasma motion into other degrees of freedom. If
the low-frequency turbulence upstream of the ramp of a
supercritical quasiperpendicular shock consists of only
whistler waves generated as a result of shock nonsta-
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tionarity and the product of their nonlinear wave cou-
pling, then the spatial-temporal properties of this tur-
bulence contain important information about the shock
front nonlinear dynamics. However, in that case the
role of this turbulence in the processes of energy redis-
tribution would be limited by its participation in the
reflection and acceleration of a portion of the incom-
ing electrons [Balikhin et al., 1989]. Alternatively, if
the numerous maxima represent the result of compet-
ing mechanisms, then the waves which correspond to
the secondary maxima could play a different role in en-
ergy redistribution. One of these secondary maxima
could correspond, for example, to lower-hybrid waves
which propagate almost perpendicular to the magnetic
field and can be generated by the beam of reflected ions
as suggested by Vaisberg ef al. [1983]. The wave vec-
tors of such waves should be directed almost perpendic-
ular to the upstream magnetic field ky << [k}; there-
fore these waves can be in resonance both with ions via
w = ki Vi vue and electrons w = kyVe thermar. Even a
small level of such turbulence can provide an effective
tool for transfer of momentum and a mechanism for the
redistribution of energy at the shock front [ Vaisberg et
al., 1983}

In the present paper the nonlinear interactions are
studied by means of a bispectral analysis. This pro-
vides a measure of the extent of statistical dependen-
cies of the three spectral components by examination
of their phase coherence [Kim and Powers, 1979]. This
technique has been successfully applied in the studies of
turbulence in space, laboratory and nurnerical plasmas
[Kim et al., 1989; Lagoutte et al., 1989; Ohnami et al.,
1993}, In particular, significant results by means of bi-
coherence were obtained in the study of nonlinear wave-
wave interaction between signals from a ground-based
transmitter and narrowband ELF emissions in the sub-
auroral ionosphere using Auroral 3 and ISIS measure-
ments {Tanaka et al., 1987; Ohnami et al., 1993].

The traditional estimators of biccherence are based
on Fourier decomposition. Such techniques require long
intervals of stationary data. However, the average dura-
tion of observation of low-frequency waves upstream of
the shock ramp is about 1 min [Fairfield, 1974]. The
intervals of stationarity for this turbulence are even
shorter. Therefore a more robust estimator based on
the continuous wavelet transform (CWT) [Dudok de
Wit and Krasnosel'skikh, 1995] has been used in the
present study.

Data obtained from the AMPTE IRM and Interball
Tail magnetometer in the vicinity of the Earth’s bow
shock are analyzed in the present paper. The magnetic
field experiments on AMPTE IRM (PI H. Lthr) and In-
terball are described by Lihr et al. [1985] and Klimov
et al. [1995]. The analysis of the data from two dif-
ferent magnetometers helps to eliminate the possibility
that nonlinearities are introduced by the instrument it-
self. The shock normals were calculated using the model
described by Farris et al. [1991].
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2. Bispectral Analysis

The goal of the analysis performed was to identify
whether the data contain signatures which indicate the
presence of nonlinear three-wave coupling processes.
Three wave-coupling is a nonlinear process in which
(Wi, k1) © (wo, k) + (w3, k3) and is usually charac-
terized by the presence of three peaks in the Fourier
spectrum corresponding to frequencies w;,ws, and ws
where w = 27 f and k , are the angular frequency and
wave vector respectively, and f is the frequency. The
frequencies and the corresponding wave vectors must
satisfy the resonance conditions [Sagdeev and Galeev,
19691
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It is worth noting that the resonance condition for the
frequency should be satisfied in any inertial frame. A
direct consequence of (1) is that the phases ¢; of inter-
acting waves should obey the following relation:

¢1 -+ b9 — ¢3 = const (2)

If such a phase relation is statistically established, this
is a definite sign of a nonlinear interaction between the
corresponding waves [Kim and Powers, 1979].

The bicoherence function is a tool to validate this
phase relation for a stationary signal. Let us con-
sider some real, stationary signal X'(¢). The bispectrum
B(f1, fa) of X(2) is defined as

B(fi, fo) =< X(f)X(f2) X (f1 + f2) >

where X(f;) is the Fourier component at frequency f;,
the asterisk denotes complex conjugation, and brackets
denote ensemble averaging. The bicoherence function
b(f:, f2) is the normalized bispectrum [Kim and Pow-
ers, 19791

B(f1, f2) 2
(F)X(F)X*(fr + f2)] >2

Such a normalization was used by Kravtchenko-Bereinoi
et al. [1995]. The value of the bicoherence function de-
pends upon the strength of the nonlinear interaction
and varies between 0 and 1. The usual approach to the
estimation of bicoherence consists of subdividing the
data set into n {n > 10) subsets. Each of these sub-
sets is treated as an ensemble. Increasing the number
of ensembles leads to the decrease in the length of these
subsets and so reduces the frequency resolution. These
contradictory requirements, to provide statistically re-
liable averaging over a large number of ensembles and
to provide a high frequency resolution, make the esti-
mation of the bicoherence by the procedure described
difficult for short data sets. A new method for such
an estimation, which makes use of CW'T, was proposed
by Dudok de Wit and Krasnosel’skikh, [1995]. CWT of
X(t) at a scale a is defined as

(i F) = o



BALIKHIN ET AL.: NONLINEAR INTERACTION 12,527

fz 1 fomr ; is displayed in Figure 1. The sarpling rate for this
Xewr(a, )‘“ ‘({t;\/, ai time interval was 32 Hz. The profile of the magnetic
field possesses the prominent features of a supercritical

For a Morlet wavelet given by quasiperpendicular shock, namely a well determined-
L, L . i overshoot. The VS CTOSS t 0429:47
h(t) = (1/7%) exp (=2mjt) cap (—t"’/‘Z} ramp and overshoot. The ramp was crossed at (429:47

UT. The position of the crossing was (3.2, -18.2,
the scales can be directly related to an instantaneous 0.9) R in GSE coordinates. The normal to the siﬁocia
frequency f = 1/a. The bispectrum estimate intro- front, calculated using the model described in Farris
duced by Dudok de Wit and Krasnosel’skikh, [1995] is et al, [1991], was 7 m~ (0.7,-0.71,-0.03). The pa-
, v e ters of the upstream solar wind flow were the fol-
B(f1, f2) =< Xewr(fi)Xewr (f2) Xowr(fi + f2) > lowing: density nup & 4 cm™>, upstream solar wind

I dxr A .y 4 PRy
where the scales have been expressed in terms of fre- VEIOCIY Vip & 640 kn/s, the magnitude of the mag-

quencies. The statistical reliability of estimates based netic field {By,| & 8.5 nT. The shock is supercritical
on CWT for short data sets Is higher than for estimates and quasiperpendicular because its Alfven Mach num-
based on fast Fourier transform {f??\ at the expense ber My~ 45 and the angie between the direction of the

of reduced frequency resolution at higher frequencies. ~ upstream magnetic field and the direction of the model
shock normal 7@ is g, & 50°.
Oscillations in the magnetic field with pertods about
3. IRM Shock on Day 364/1984 , RS RS R ‘

0.3 — 0.5 seconds persist for approximately 20 s up-
The magnetic field profile measured by IRM on day  stream of the ramp. The amplitudes of these oscillations
364/1984 during a crossing of the Earth’s bow shock are higher in the y and z components than along the z
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Figure 1. Absolute value and three components of magnetic field as measured by IRM during
bow shock crossing which occurred at about 0429:48 UT on the day 364/1984. Time scale is in
seconds after 0429:00 UT. The moment of the ramp crossing occurs & 0429:48 UT.
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axis. The oscillations have considerable amplitude, 6B,
which sometimes exceeds 3.5n7, which is more than
40% of the magnitude of the upstream magnetic field.
Therefore it is likely that nonlinear effects should play a
considerable role in the evolution of these fluctuations.
The oscillations disappear downstream of ramp.

The spectra of fluctuations, calculated making use of
the CWT (Morlet) decomposition, during the time in-
terval 0429:21.5-0429:32.5 UT for the three cornponents
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of the magnetic field are displayed in Figure 2. Spectra
are displayed on a logarithmic scale in arbitrary units.
The frequency f & 2.5 Hz corresponds to the main max-
imum. As a result of the direction of propagation of the
corresponding waves, which is almost along the GSE z
axis, this maximum is most prominent in the compo-
nents By and B,. In addition to the main maximum,
other local maxima are found at f ~ 5 Hz, f ~ 1.0 Hz
and at the high frequency edge of the spectra at f = 8.0

25

; ; : : : :

1

2 3 4 5 8 7
Hz

8

Figure 2. The spectra of fluctuations for (a) B,, (b) B, and (¢) B, components of the mag-
netic field as measured by IRM on day 364/1984 during the time interval 0429:21.5-0429:32.5
UT. Spectra have been calculated using CWT (Morlet) decomposition and are displayed on a
logarithmic scale in arbitrary units.
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Hz. The latter maximum can be seen only in the B,
component.

The evolution of the dynamic spectra of low-frequency
turbulence as the satellite crosses the shock front is dis-
plaved in Plate 1. This spectrogram has been calcu-
lated making use of CWT (Morlet) decomposition. In
the upstream region the most prominent maximur in
the spectrum is around a frequency ~ 2.5 Hz. This
maximum is always related to the oscillations described
above. Less prominent maxima can be seen at lower
requencies. For example, the By component secondary
maxima can be seen in frequency ranges 1 — 1.5 Hz
and 0.6 — 0.8 Hz during a time interval of 5-10 seconds
(0429:27-0429:32 UT). It has been shown that the fluc-
tuations in the main maximum are plasma waves prop-
agating in the whistler mode almost along the GSE z
axis [Balikhin et al., 1997]. Some wave activity can be
seen also in frequencies above f = 3.5 Hz. As men-
tioned above, the higher temporal resolution of CWT
methods is achieved at the expense of reduced frequency
resolution at higher frequencies. Therefore the spectral
features of waves with frequencies above 4 Hz are more
obvious from the FFT representation published in Fig-
ure 3 of Balikhin et al.,[1997].

There are two possible scenarios which can explain
the generation of the waves observed outside the main
maximurm. The first is that a number of generation
mechanisms operate independently in the shock front.
The most efficient one is responsible for the generation
of waves which correspond to the most prominent max-
imum of the spectrum. Other mechanisms lead to sec-
ondary maxima in the spectrum. In such a scenario
of a number of independently acting mechanisms the

Hz

{continued)

phases of waves observed should also be independent.
The second scenario is that the nonlinear evolution of
the waves, which correspond to the main spectral max-
imum, leads to generation of waves observed as sec-
ondary features of the dynamical spectrum. In the lat-
ter case, some dependency between the phases of the
observed waves should become evident.

The time interval 0429:21.5-0429:32.5 UT was chosen
to perform bispectral analysis. Bicoherence was calcu-
lated making use of the CWT approach for all three
components of the magnetic field. The results of this
calculation are displayed in Plate 2. The level of bi-
coherence in B, is generally lower than in the B, and
B, components as a result of the fact that the observed
waves are propagating at small angles with respect to
the z axis. The bicoherence for the B, component ex-
hibits a maximum (b* > 0.6) in the frequency range
fi & fo ~ (2.5 —3.0) Hz. The existence of phase co-
herence between waves whose frequencies are fi, f» and
fs = fi + fo ~ 2(2.5— 3)Hz = (5 — 6)Hz arises from
such a maximum. The duration of the time interval
which was chosen to calculate bicoherence, corresponds
to about 25 periods of waves with frequency 2.5 Hz
and to an even larger number of periods for higher fre-
quencies. Therefore the existence of this maximum is
statistically reliable. It is possible to ”translate” the
reliability of the position of this maximum into num-
bers making use of an estimate of the bias Bi® given by
Dudok de Wit and Krasnosel’skikh [1995]:

~ _6__5 fNYQ (n)
TN fi+fy

Bi?

Here N is the total number of samples and fxyq Is
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e Nyquist fvequezzcy The total number of points in
e chosen interval of data is NV = 340. The Nyquist
frequency in the case of the 32 Hz sampling rate is
fyq = 16 Hz. Thus we have the following bias:
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The low value of 0.05 of the bias and the relatively high
value of the bicoherence in the maximum (> 0.6} ver-
ify that this maximum is not an artifact but reflects a
real relation between phases of waves in the data at fre-
quencies f = 2.5 — 3.0 Hz and f = 5.0 — 6.0 Hz. The
interpretation of this result is that there is a nonlin-
ear interaction fas.z+ fos5-3 & fs_¢ in the observed
turbulence. Generally, the question of what is the 7di-
rection” of this nonlinear process fos.3+fo 5.3 < f5-6
or fas—s+ f2.5-3 = fs-5 cannot be answered by means
of the magnitude of bicoherence alone. Both processes
will lead to the same maximum in the bicoherence func-
tion. However, in the case considered the level of energy
of waves observed in the frequency range 2.5 — 3.0 Hz
is about 3 orders of magnitude higher than in ti’w fre-
quency range 5.0 — 6.0 Hz. Therefore it is reasonable
to suggest that the energy is transfered from waves ob-
served in the primary maximum 2.5 — 3.0 Hz to the
waves observed at 5.0 — 6.0 Hz:

fosoa+ fases = fss (5)

Process {5} is generation of a second harmonic, which
usually is a part of a steepening of nonlinear wave. The
evidence for process (5} is most obvious from the bispec-
trum (or bicoherence) calculated for the By component
(see Plates 2b and 2e) but can also be seen in the other
two components. Contrary to this, the maximum in
the bicoherence with an abscissa f1 &~ 2.5 — 3.0 Hz and
an ordinate fy & 5.0 —
the bicoherence calculated for the B, component. The
value of this maximum is b“, ek ~s 0.58. The bias
for this maximum is &

~ (.04

;2
B?; iy s 8 fr gy ':‘-

The interpretation of this result is that a process of non-
Iinear coupling is taking place which involves one wave
from the primary maximum and its second harronic.
This nonlinear coupling leads to the generation of waves
observed at frequencies 7.5 — 8.0 Hz. The CWT ap-
proach can only be used to study frequencies < -2 Frye.
Thus fi + fo = 8 Hz is an upper limit for the resulting
frequency which can be studied by this method in that
particular case. However, in reality a whole range of
waves is generated as a second harmonic of a primary
maximurm:
fos-30+ f5.0-6.0¢ frs-oc

Plates 3a-3fshow the low-frequency portion of Plates-
2a-2f. The first results that emerge from these figures
are bispectrum maxima in Plates 3b and 3¢ which have
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5.5 Hz can be observed only in

TERACTION

“ridge b%ape such asify + fo = f3 &~ 2.5~ 3.0 Hz.
T%m ridge is more obvious from the B, component than
from the B, component. The value of bicoherence at
the top of this ridge is &~ 0.6 — 0.7. The bias calculated
;according to (3) is & 0.12. The amp%i*uée of waves in
the frequency range f3 is about 1 order of magnitude
zugher than in the ranges corresponding to f; and fy. It
is a long-established fact that if a nonlinear three-wave
process involves waves fi, fa, and f3 and the ampli-
tude of wave f3 considerably exceeds the amplitudes of
the waves f: and fo then the only possible process is
the decay of fs: fs = fi + fo. Therefore the ridge
in the bispectrum seen in Plates 3b and 3¢ has an un-
ambiguous interpretation. The waves observed in the
main spectral maximum 2.5 — 3.0 Hz decay into two
waves whose frequencies satisfy the resonance condition
fi+f2 = 2.5-3.0 Hz. Some other maximacan be identi-
fied in Plates 3d-3f at frequencies below 1 Hz. However,
the bias for such maxima is very large due to the de-
nominator in (3). Therefore the physical interpretation
of these maxima is not reliable.

To eliminate the possibility that detected nonlinear
maxima resulted from some instrumental nonlinearity,
the data from Interball Tail Probe obtained in the vicin-
ity of the quasiperpendicular part of Earth’s bow shock
were also subjected to the bispectral analysis.

4. Interball Tail Probe Shock on Day
65,/1998

The B, component of the magnetic field as measured
by Interbail Tail Probe on day 65/1998 during the cross-
ing of the Earth’s bow shock is displayed in Figure 3.
The sampling rate was 16 Hz. The ramp was crossed
at about 0554:15 UT. The coordinates of the cross-
ing were (6.0, 18.1, 9.4) R. in GSE coordinates. The
normal to the shock front was 7 a (0.75,0.58,0.31).
This shock is also supercritical and quasiperpendicu-
lar (almost perpendicular), with M, ~ 6 (A. Fedorov,
private communication, 1998) and fp, ~ 85°. Low-
frequency oscillations in the magnetic field persist for
approximately 40 seconds upstream of the ramp. The
main energy of turbulence lies in the frequency range
0.8 — 1Hz. The bicoherence estimated for the B, com-
ponent on the time interval 0554:25-0554:45 is plotted
in Plate 4. The most prominent maximum in Plate 4
corresponds to f; & fr & 0.8 — 1.0. That assumes the
nonlinear process fp g1+ fo.s-1 € fi 6.2 of frequency
doubling, is taking place. This process is similar to that
which was detected in IRM data fo 53+ fa5.3 < fs—s.
There are two other maxima with f, &~ 0.8 —1 Hz. The
first, with f; & 1.5 — 2H z, corresponds to the process
fos—1 + fi5-2 € fas.s. The second corresponds to
fog—1+ fo5-3 6 fai-q.

The maxima in the bottom left corner of the bico-
herence triangle in Plate 4 correspond to the processes
which involved only frequencies less than 0.5 Hz. The
temporal interval of 20 s on which bicoherence was cal-
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Plate 1. The dynamic spectra of the fluctuations of the three components of magnetic fleld as
measured by IRM upstream of the ramp of the Earth’s bow shock on day 364/1984. Time scale
is in seconds after 0429:22 UT. The spectra are displayed on a logarithmic scale with arbitrary
units.
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Plate 2. The bispectra and bicoherence calculated for the three components of the magnetic
fleld as measured by IRM on day 364/1984 during the time interval 0429:21.5-0429:32.5 UT.
Calculations have been made with the use of CWT (Morlet) decomposition.
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b) Bispectrum By
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Plate 3. The same as in Plate 2 but for the low frequency parts only.

Plate 4. The bicoherence calculated for the B, component as measured by Interball on the day
65/1998 during the time interval about 0554:25-0554:45 UT.
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Figure 3. B, as measured by Interball during bow shock crossing which occurred at about

0554:15 UT on the day 65/1998.

culated was too short to provide reliable results and low
bias for such small frequencies. However, the ridge-like
maximum can be seen adjacent to this low-frequency
area. This “ridge” is similar to the one observed in
IRM data and discussed above. It corresponds to the
decay of waves in the main maximum 0.8 — 1 Hz into
pairs of waves which correspond to resonance condition
fi + fo =0.8~1Hz.

5. Discussion

It is worth noting that although only two cases are
presented above, bispectral analysis was performed on
other magnetic field data sets obtained by AMPTE
IRM. The results were similar to those presented.

As mentioned in the introduction, theoretical models
for the generation of low-frequency whistler waves adja-
cent to the ramp of a quasiperpendicular shock that are
in agreement with experimental data can only explain
a single narrow maximum in the spectrum of the up-
stream turbulence. The existence of additional maxima
in the spectra of the turbulence was explained as the re-
sult of activity of other generation mechanisms, partic-
ularly other plasma instabilities. However, estimates of
the bicoherence function based upon IRM and Interball
magnetometer data imply that a strong correlation ex-
ists between the phases of the waves which correspond
to the main spectral maximum and other maxima in
the spectra. The only possible interpretation of this is
that the main source of energy for the generation of
turbulence observed in the secondary maximais energy
stored in the waves corresponding to the main spectral
maximum. Processes like second harmonic generation
or the decay of the main wave into two other waves
with lower frequencies and lower wave vectors are re-
sponsible for the flow of the energy from the main max-
imum to other parts of the spectrum. The secondary

waves can also, in turn, be involved in the nonlinear pro-
cesses, which lead to the generation of tertiary waves,
etc. Processes such as fas.30+ f5.0-60 €& frs-sc
(IRM) and fo.s—1+fi.5-2 € fa.3-3 (Interball} identified
above are examples of nonlinear processes which involve
secondary waves and transmit their energy to tertiary
waves. All of these nonlinear processes together form
a complicated cascade which provides the dissipation
of turbulent energy from the main spectral maximum
and results in the effective widening of the turbulent
spectrum.

The second harmonic generation corresponds to the
process fas-3.0+ fo.5-3.0 © fso-6.0 in the IRM data
set and fo.g-1 + fo.s—1 & fie-2 in Interball data. As
already mentioned, the waves observed by IRM in the
primary maximum 2.5 — 3.0 Hz are whistler waves [Ba-
likhin et al., 1997]. The two waves from the left side of
(5) propagate in the same direction. Thus the resulting
waves observed in the range 5 — 6 Hz should propagate
in the parallel direction. This was confirmed by the
application of minimum variance analysis to the waves
in the frequency range 5 — 6 Hz {The estimated angle
between ks g-6.0 and kz5-3.0 to be a few degrees). The
dispersion of whistler waves is well known:

k2e?

w = Qe cos (05, )—
w‘;)e
where .. is the electron cyclotron frequency, wye is
the electron plasma frequency and 8%, is the angle of
the direction of wave propagation with respect to the
ambient magnetic field. If the two waves on the left
side of (1) satisfy this quadratic dispersion relation, a
third wave which propagates in the same direction as
these two cannot satisfy both the resonance conditions
and the quadratic dispersion relation. Thus the waves
observed by IRM in the frequency range 5.0 — 6.0 Hz
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are not waves propagating in whistler mode. How can
the second harmonic wave be observed without it being
an eigenmode of a uniform plasma?

In an ordinary gas, the process of frequency doubling
occurs as a part of wave steepening [Sagdeev and Galeev,
1969]. If a large-amplitude, monochromatic, acoustic
wave in an ordinary gas has a frequency w, and wave
vector kg, it will interact with itself and drive a second
harmonic with frequency 2w, and wave vector 2k,. In
an ordinary gas, this second harmonic will also be an
eigenmode of the medium because of its linear disper-
sion. Thus being driven by a resonance process this
second harmonic will grow in time and possibly drive
higher harmonics and so on. The generation of waves
with higher & will result in a steepening of the wave
front.

For a whistler wave in a plasma, harmonics are not
eigenmodes themselves because of the nonlinear disper-
sion. In this case, the change in amplitude of the second
harmonic wave can be described by:

8A2w
ot

7 = CQw,w,wAZ- - '7"A‘2w

where A, and Ay, are amplitudes of a large-amplitude
(initial) wave and its second harmonic, respectively, v is
the damping rate of the second harmonic due to its in-
teraction with the plasma (since it is not an eigenmode
inclusion of this damping is necessary), and Cay o o is
some factor which depends upon w. In the stationary
case, the second harmonic should have an amplitude

2
C?w,w,w/%(:»

~

i

AZw =

The second harmonic propagates, not in a uniform
plasma,; but in a system of a uniform plasma with a
large amplitude wave propagating through it. Though
the amplitude Ay, usually remains small, it can never-
theless be observed [Sagdeev and Galeev, 1969]. This is
in accordance with the observed low level of waves in
the frequency range 5.0 — 6.0 Hz in the spectrum.

The interaction of the second harmonic with the ther-
mal plasma should result in strong damping. Thus in
spite of their small amplitude they could provide an effi-
cient means for the dissipation of energy from the main
spectral component.

As noted, nonlinear processes which involve whistler
turbulence were detected in the subauroral ionosphere
by means of bicoherence [ Tanaka et al., 1987; Ohnami et
al., 1993]. Numerous theoretical models were developed
for such an interaction in the subauroral ionosphere.
However, these models cannot be directly applied to the
whistler waves observed at the terrestrial bow shock.
The analytical description of the nonlinear interaction
between whistler waves and ion cyclotron harmonic
waves was developed by Trakhtengerts and Hayakawe,
[1993] under the condition Q¢ > wp.. This condition is
not valid for the terrestrial bow shock. The excitation
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of electrostatic waves by quasi-monochromatic oblique
whistlers via trapped electrons [e.g., Matsumoto et al.,
1984 is also not applicable to the nonlinear processes
detected in the present paper for a number of reasons.
One is that all three waves were measured by a fluxgate
magnetometer, so none of them can be electrostatic.
Another is that nonlinear interaction via trapped elec-
trons does not require validity of the phase relation (3).

6. Conclusion

It has been shown that nonlinear interaction is re-
sponsible for the formation of the observed spectrum
of magnetic field turbulence upstream of a quasiper-
pendicular shock in the frequency range 10° — 10 Hz.
Direct quantitative evidence has been given of a cascade
of nonlinear processes such as the generation of second
harmonic and decay instability. These processes are re-
sponsible for the transformation of energy from waves
which correspond to the primary maximum in the spec-
trum to other scales. This leads to an effective widening
of the turbulent spectrum. Thus the broad spectrum of
waves observed in the frequency range 10° — 10% Hz
upstream of the ramp of a quasiperpendicular shock is
not the result of various competing generation mech-
anisms but is the result of the nonlinear evolution of
a guasi-monochromatic whistler mode wave with a fre-
quency which corresponds to the main maximum in the
spectrum.
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