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Geospace Environment Modeling (GEM) magnetic reconnection
challenge: MHD and Hall MHD - constant and current
dependent resistivity models

A. Otto

Geophysical Institute, University of Alaska, Fairbanks

Abstract. The work is part of several papers investigating two-dimensional magnetic
reconnection in the same initial configuration with different plasma approximations. The
present work compares the results of magnetic reconnection in this configuration using
constant and current dependent resistivity models in the framework of traditional MHD and
Hall MHD. The results can be summarized as follows. For constant resistivity the effects of
diffusion or the formation of a long thin current layer limit the reconnection rate. Current
dependent resistivity models result in enhanced reconnection rates in all considered cases.
In these cases, reconnection is faster by a factor of 2 in the Hall MHD approximation
compared to the traditional MHD. The maximum reconnection rate for the Hall MHD for

all current dependent resistivities is ~ 0.2 and appears largely independent of the model

specifics and the initial perturbation.

1. Introduction

Magnetic reconnection plays a fundamental role in many
space and laboratory plasma systems [e.g., Drake, 1995;
Lee, 1995; Schindler, 1995; Sonnerup et al., 1995]. One
of the basic unresolved problems is the physics of the dif-
fusion region which determines the magnetic reconnection
rate. Results presented in this work are based on a traditional
MHD and a Hall MHD approach and are obtained as part of
the Geospace Environment Modeling (GEM) reconnection
challenge in an effort to clarify the physics of the diffusion
region for a particular two-dimensional initial configuration.
This work is accompanied by a series of other simulation pa-
pers that approach the same problem with different plasma
approximations [Hesse et al., this issue; Pritchett, this is-
sue; Shay et al., this issue] or study different aspects of the
MHD and Hall MHD dynamics [Birn and Heese, this issue;
Ma and Bhattacharjee, this issue; Shay et al., this issue]. A
description of the initial configuration, a summary of all re-
sults of the GEM reconnection challenge, and conclusions
based on the comparison of the various results is presented
in a separate summary paper [Birn et al., this issue]. We will
refer to this paper as GEMSUM. '

We use the term Hall MHD to address a fluid approach
which is mostly identical to MHD but includes in addition
the hall term in Ohm’s law (and in our approach an isotropic
electron pressure term). Different from the full two-fluid ap-
proach, the Hall MHD approximation does not include finite
electron inertia.
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The main emphasis of this paper is to clarify the different
plasma dynamics which play a role in the traditional MHD
approach and the Hall MHD approximation. A main result
consistent with other work in the reconnection challenge is
a strongly enhanced reconnection rate of ~ 0.2 compared
to the traditional MHD. This result is obtained in various
plasma approximations (GEMSUM). A crucial question is to
what extent it depends on the chosen parameters and on the
particular initial and boundary conditions. A large magnetic
reconnection rate also presents limitations to the numerical
method and the parameters used for such a study.

Section 2 will briefly summarize the numerical method to
solve the two-dimensional equations in the chosen plasma
approximations. Section 3 first presents a discussion of the
numerical and parameter limitations which not only apply
to the MHD and Hall physics but to any method which em-
ploys a resistive term to model the considered problem. We
then try to clarify the influence of the initial condition anc
finally will compare the different basic cases considered ir
this work. Section 4 will summarize the results and presen
conclusions from them.

2. Numerical Method

The initial configuration chosen for the study consists of ¢
Harris current sheet with a magnetic perturbation to trigge:
magnetic reconnection (GEMSUM). The total width of the
current sheet is the ion inertia length, and all length scales ir
the results presented below are measured in units of the ior
inertia scale. Similarly velocities are measured in units of the
Alfvén speed, and time is normalized to the Alfvén transi
time for the ion inertia length as outlined in the summary

paper.
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The MHD results in this study are obtained with a two-
dimensional MHD code which has been derived from a
code originally developed by Birn [1980] and has been
applied in two- and three-dimensional versions to a vari-
ety of space plasma problems including magnetic recon-
nection, Kelvin-Helmholtz instabilities, and pressure pulses
[e.g., Otto, 1990; Otto et al., 1995; Otro, 1995; Chen et al.,
1997]. A version including the hall dynamics has been de-
rived for magnetosphere—ionosphere interaction [Birk and
Orto, 1996, 1997]. The basic equations that are integrated in
this method consist of the full set of resistive MHD equations
[e.g., Birn, 1980]. The integration uses a leapfrog method
which is of second order accuracy in space and in time [e.g.,
Potter, 1973].

The Hall MHD code has been derived from this MHD
code by an appropriate modification of Ohm’s law, i.c., in-
cluding a Hall and an electron pressure term. Different from
the coordinate system used in (GEMSUM), we use x nor-
mal to the current layer and z along the current layer (i.e.,
z and z are reversed). For the simulation we make explicit
use of the symmetry of the system at z = 0 which makes
it sufficient to compute only half of the entire domain. All
two-dimensional plots in this work show half of the system,
and the full system is obtained by appropriately mirroring
this half.

For most MHD and Hall MHD computations, 43 grid
points along the z direction (Zmin = 0, Zmayx = 6.3) proved
sufficient using a nonuniform grid with a maximum resolu-
tion between A, = 0.05and A, = 0.025 at z = 0. We use
123 grid points in the z direction for the MHD cases yielding
aresolution of about A, ~ 0.2. For the Hall MHD dynam-
ics we used the same grid in the z direction but increased
the number of grid points along z by a factor of 2 yielding
A, =0.1.

A problem of the Hall dynamics has been a rather tur-
bulent evolution of the system. This turbulence appears at
least in part initiated by the initial perturbation that gener-
ates fast mode waves (in addition to the reconnection flow
pattern), which seem to provide a seed for small-scale tur-
bulence developing at the boundary of the current layer. We
could damp the initial fast waves effectively by using a rela-
tively large background resistivity outside the initial current
layer. This resistivity did not overlap with the current re-
gion and was highly effective to reduce the problem of the
small-scale turbulence.

For the current dependent resistivity we used the follow-
ing models:

n(G) = k(G® =300 - o), (1
nJ) = k3% =35250 - je), 2)
77(.7) = ""'(.7 - JC)S(] - jc)a 3

with K = 0.1, j. = 2.2, and a step function S(z) which
is unity for # > 1 and zero otherwise. The choice for x
puts the effective collision frequency approximately into the
range of the lower hybrid frequency. The critical current
density j. is just above twice the equilibrium current density
(GEMSUM), such that no diffusion occurs in the equilib-
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rium. It is noted that the drift velocity of the current corre-
sponds to about twice the Alfvén speed implying a strong
source of free energy for the lower hybrid drift instability
or shear driven instabilities like sausage or kink modes. We
will refer to resistivity models as model 1, 2, and 3. Bound-
ary conditions are periodic in the z direction and closed at
Z = Tmax as formulated for this particular configuration in
(GEMSUM).

3. Results

3.1. Numerical Limitations

Many studies of magnetic reconnection are carried out in
a manner different from the approach taken in this recon-
nection challenge [e.g., Petschek, 1964; Lee, 1995]. Usually
inflow and/or outflow boundary conditions are specified in
an attempt to create steady state magnetic reconnection ge-
ometry. In the case considered here, the initial configuration
is not in equilibrium neither is it attempted to create a steady
state reconnection geometry.

The initial configuration is chosen as an equilibrium cur-
rent sheet with a magnetic perturbation superimposed. This
initial perturbation creates unbalanced j x B forces which
accelerate the plasma in the current sheet away from the X
line. Without a reconnection electric field at the X line, the
resulting flow tends to evacuate the current sheet in the vicin-
ity of the X line and thereby leads to a contraction of the
current sheet and an increase of the current density at the X
line. Birn and Heese [this issue] show an example of this
situation.

The magnetic perturbation used for this problem corre-
sponds to an amplitude of 0.1 or a normal magnetic field of
B, = 0.04. While this appears small, one has to keep in
mind that this force can accelerate the flow to Alfvén speed
in ~ 25 dynamic times. Thus this force is central to initiate
and drive magnetic reconnection.

One set of the cases considered in this study makes use
of a constant resistivity. This can be challenging in view
of the following considerations. The reconnection rate Fie.
is given by Eie. = 1j,, With a resistivity n and a current
density j,; at the X line. Thus the required current den-
Sity 18 Jz1 = Erec/n, and the half width of this current is
d = 1/ja1 = 1/ Erec. In order to avoid diffusion of the mag-
netic field, a large Lundquist number R = 1/7 is required.
However, for a large reconnection electric field, this implies
a very small width for the current at the X line which has
to be resolved numerically in order to resolve the relevant
physics. The example of 7 = 1072 requires a grid separa-
tion of the order of 1072 to resolve the current with a few
grid spacings.

Taking into account that most methods are explicit, the re-
quired time step has to be At < 0.001 for the MHD case im-
plying several 10* integration steps. For the case of whistler
dynamics (Hall MHD, two fluid, and hybrid simulations) the
increasing phase speed of the whistler waves with decreas-
ing wave length (and grid resolution) requires a time step of
a fraction of (1/Erec)* or of order 1078 for the chosen ex-
ample. We note that finite electron inertia limits the whistler
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phase velocity but would still imply a time step significantly
smaller than for a corresponding MHD computation.

Figure 1 shows an example of the outlined problem for
the case of Hall MHD with a constant resistivity of 0.01. The
resolution of the grid along the z direction is A, = 0.035
atz = 0and A, = 0.12 uniform in z. Figure la shows the
distance between the dominant X and O lines (solid) and the
number of X lines (dashed) in the system. Figure 1b shows
the current density at the X (solid) and O line (dashed); Fig-
ure lc shows the reconnected magnetic flux by direct inte-
gration (solid) and by integrating the reconnection electric
field (dashed); and Figure 1d shows the reconnection elec-
tric field Eyec = Ey; — E,; (solid) and the reconnection rate
determined from the reconnected magnetic flux (dashed). At
later times the plots of the reconnected flux and of the recon-
nection rate show a discrepancy between the reconnection
electric field and the reconnection rate determined from the
magnetic flux. It is therefore concluded that in this case, nu-
merical dissipation must significantly add to the actual phys-
ical dissipation. The reason for this is likely a lack of resolu-
tion because the reconnection rate would require a larger cur-
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Figure 1. Typical properties for the case of a constant resis-
tivity n = 0.01 in the Hall model are shown. (a) The distance
of the dominant X and O lines (solid) and the number of X
lines (dashed), (b) the current density at the X (solid) and
O line (dashed), (c) the reconnected magnetic flux by direct
integration (solid) and by a time integral of the reconnec-
tion electric field (dashed), and (d) the reconnection electric
field (solid) and the reconnection rate determined from the
reconnected magnetic flux (dashed) are shown.
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Figure 2. Same as Figure 1 for the current dependent resis-
tivity model 1 in the MHD simulation.

rent density and thus better resolution than assumed. Note
that for this case, a higher spatial resolution lead to strongly
enhanced turbulence.

It should be emphasized that the above limitations in
terms of the grid spacing and the time step apply to all
plasma approximations which rely on a constant resistivity
to model the electric field at the X line. This includes most
hybrid models, two fluid models unless the electric field is
due to the electron inertial term, the Hall MHD approxima-
tion, and a less restrictive time step to MHD models.

The above reasoning changes entirely for current depen-
dent resistivity models of the type n(j) = £(j — j)*S(j —
jc). In these models the dissipation is switched on only if the
current density surpasses a critical current density j.. Thus
finite diffusion of the equilibrium field does not occur if the
critical current is higher then the maximum current of the
initial configuration. The electric field at the X line is given
by Erec = Kjui(Jor — je)*S(jzt — je). Thus a moderate
increase of the current density can lead to a large increase
of the reconnection rate because of the nonlinear current de-
pendence and thereby avoiding the collapse of the current to
an extremely thin layer.

An example for the limitation of the magnitude of the cur-
rent density is shown in Figure 2 illustrating the same prop-
erties as Figure 1 for the case of the current dependent re-
sistivity model 1. In this case the reconnection rate and the
reconnected field agree well (with a deviation in the recon-
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Figure 3. Plasma velocity (arrows), magnetic field lines,
and current density (grey scale) for the current dependent
resistivity model 1 in the MHD simulation for the times t =
30 (left) and 36 (right).

nected flux of ~ 3%) such that numerical diffusion is neg-
ligible. We can therefore conclude that this simulation cap-
tured key aspects of the reconnection process in this MHD
approximation well. Figure 2 illustrates that the current den-
sity at the dominant X line is fairly limited throughout the
simulation. The results in Figure 2a also illustrate that the
system develops several X lines during the evolution.

This and the larger width of the current in the diffusion
region is confirmed by the result of Figure 3 showing the
bulk plasma (ion) velocity (arrows), magnetic field (lines),
and current density (grey) for times ¢ = 30 and 36. The
region of high current density at the X lines has a width of
~ 0.4 ion inertia lengths consistent with the chosen critical
current density.

The current dependence and onset condition in the resis-
tivity reflect the scattering of electrons by the turbulent wave
fields of micro-instabilities such as ion acoustic, lower hy-
brid, ion cyclotron, and others [e.g., Sagdeev and Galeev,
1969; Papadopoulos, 1977; Treumann and Baumjohann,
1997]. The current dependence of the resistivity may also
be of importance for whistler turbulence in reconnection be-
cause the corresponding dissipation scales with a higher or-
der of the wave number [Birn et al., this issue; Shay et al.,
this issue].

3.2. Influence of the Initial Perturbation

As outlined above the initial perturbation acts as a driver
for the plasma flow and thus may be expected to influence
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the reconnection process. Figure 4 illustrates results for
constant resistivity of 7 = 0.01 and MHD dynamics with
different values for the initial perturbation. We have used
a flux perturbation of 0.05, 0.1 (the default configuration),
0.2, and 0.4. Figure 4a shows the reconnected magnetic flux
for these cases as a function of time. Figure 4b illustrates
the corresponding reconnection rate. For all cases, recon-
nection rates and reconnected magnetic flux are in excellent
agreement {the error for the reconnected flux is ~ 1%). The
plots demonstrate that the perturbation has a clear influence
on the evolution of the reconnection rate and on the maxi-
mum reconnection rate. Note that the fluctuations in the sys-
tem arc caused by fast waves due to a deviation from total
pressure balance of the initial perturbation. The amplitude
of the wave scales with the initial perturbation which causes
larger fluctuations for the cases of higher initial perturbation.
Without illustration we note that the influence of the initial
perturbation on the reconnection process decreases for larger
resistivity because effects of finite diffusion start to dominate
the reconnection process.

Figure 5 illustrates the reconnected flux and the recon-
nection rate for three different perturbation levels (0.05, 0.1,
and 0.2) for Hall MHD with a current dependent resistivity
(model 1). Figure Sa illustrates a fast increase of the re-
connected flux for a larger perturbation. The reconnection
rate appears to peak also at a somewhat higher level; how-
ever, the difference in the reconnection rate is not significant
compared to the fluctuations. The error for the reconnected
magnetic flux compared to the integrated reconnection elec-
tric field is small for the perturbations 0.05 and 0.1 (< 5%
throughout the runs) and is close to 10% for the perturbation
amplitude 0.2. In general, we found all Hall MHD cases
with a larger initial perturbations to be more unstable. We
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Figure 4. Reconnected magnetic flux and reconnection elec-
tric field for constant resistivity MHD simulations with dif-
ferent perturbation amplitude (see text).
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Reconnected Flux

Figure 5. Same as Figure 4 for the Hall MHD cases with the
current dependent resistivity model 1.

attribute this to the larger amplitude of the fast waves which
may cause a higher level of whistler turbulence.

3.3. Comparison of the Different Cases

Figures 4 and 5 demonstrate that the reconnection rate de-
pends, for the given configuration, strongly on the plasma
approximation. Figure 6 compares results for the four ba-
sic models, 1.e., MHD with constant resistivity, MHD with
current dependent resistivity, Hall MHD with constant re-
sistivity, and Hall MHD with current dependent resistivity.
For the considered configuration the maximum reconnection
rate for the MHD case with constant resistivity is obtained
for 7 = 0.02. Thus we have chosen the same resistivity for
the corresponding Hall MHD case. The current dependent
resistivity is based on the model 1 both for the MHD and the
Hall MHD cases.

Figure 6 demonstrates that the reconnection rate for the
current dependent cases is larger than for the corresponding
constant resistivity cases. The current dependent MHD case
shows a maximum reconnection rate of slightly more than
0.1 which is representative (within ~ 20%) for the various
resistivity models and also for parameter variations such as
higher or lower critical current densities or different coeffi-
cients. In most cases we also found the evolution of multiple
X line as illustrated in Figures 2 and 3 for the current depen-
dent MHD case.

While the constant resistivity in the Hall MHD approx-
imation yields a higher reconnection rate than the corre-
sponding MHD case, effects of finite diffusion still are
present in the Hall MHD. Larger constant resistivity in Hall
MHD yields lower reconnection rates because of magnetic
diffusion similar to the MHD cases. However, it is quite ev-
ident that a current dependent resistivity in the Hall MHD

3755

approximation leads to significantly enhanced reconnection
rates. Figure 7 shows the reconnection rates for the Hall
MHD approximation using the resistivity models 1, 2, and
3. The result illustrates that the reconnection rate is indeed
largely independent of the particular model.

For the case of a current dependent resistivity in the MHD
simulation, Figure 2 demonstrated that a main effect of the
current dependence is to determine the width of the current
sheet. However, in the MHD case the resuiting current sheets
are relatively long with a tendency to form multiple x lines
le.g., Biskamp, 1986; Lee and Fu, 1986]. This is different in
the presence of Hall physics. Figure 8 shows the plasma ve-
locity (arrows) and current carried by ions (grey scale) on the
left and the total current in the y direction on the right. Fig-
ure 9 shows electron velocity vectors and electron current
(grey scale) on the left and the magnetic field B, component
on the right.

A comparison of the results in Figures 8 and 9 with Fig-
ure 3 for the MHD case shows a number of important dif-
ferences. In the Hall MHD the ion current is largely just
convected into the magnetic island. In the MHD case ions
are accelerated at a slow shock structure [Petschek, 1964]
just inside the separatrix, whereas in the Hall MHD case the
ion velocity clearly peaks in the central outflow region and
at some distance from the diffusion region (X line). This
slower acceleration is caused by the ions being decoupled
from the magnetic field on the ion inertia scale. In contrast
the maximum velocity of the electrons occurs very close to
the diffusion region with a value of just above 2 (increas-
ing to ~ 4 att = 20). Away from the diffusion region the
electrons are rapidly decelerated. The electrons also show
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Figure 6. Same as Figure 4 for the four typical cases with
constant resistivity in the MHD and Hall MHD approxima-
tions and current dependent resistivity in the MHD and Hall
MHD models.
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Figure 7. Same as Figure 4 for the Hall MHD runs with
three different current dependent resistivity models.

a large velocity just outside the separatrix converging to the
diffusion region.

The diffusion region in the Hall simulations is short (of
the order of the ion inertia scale), and it is speculated that
this is directly related to the whistler dynamics [GEMSUM,;
Shay et al., this issue]. An obvious effect of the hall dynam-
ics is the generation of a B, component in the outflow region
with a quadrupolar structure (Figure 9 only shows half of the
system). This structure is determined by the electron motion
out of the diffusion region and into the y direction. In the
Hall approximation the magnetic field is frozen to the elec-
tron fluid (except for the diffusion region) such that a portion
of a field line is carried into the y direction thereby causing
the nonzero B, component with the observed polarity.

The ion current is largely accumulated in the core of the
magnetic island. However, this current is reduced by an elec-
tron current of opposite direction such that the total current
in the island is significantly smaller than the ion contribution
alone. Similar to the outflow region, the electron motion in
the island generates a quadrupolar B, signature. We finally
note that the properties of the Hall simulation with constant
resistivity are rather similar to those illustrated in Figures 8
and 9, however, with smaller velocities and B,, signatures.

4. Summary and Discussion

We have presented a comparison of results from MHD and
Hall MHD computations using constant and current depen-
dent resistivity. In all cases with a constant resistivity, mag-
netic reconnection proceeds at a slower rate than that for the
corresponding current dependent models. A major obstacle
for the use of constant resistivity is to find a proper param-
eter range. For a large constant resistivity, magnetic diffu-
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sion is dominating the effects of magnetic reconnection and
thereby reducing the reconnection rate. For a small constant
resistivity, very high spatial and temporal numerical resolu-
tion is required to model the correct physics in particular in
the presence of whistler waves due to the Hall term in Ohm’s
law. With application to space plasma problems the use of
constant resistivity can be problematic. These systems are
highly collisionless such that large resistive diffusion in a
simulation model is unrealistic and not suitable for such ap-
plications.

The current dependent resistivity model yields a maxi-
mum reconnection rate of 0.12 for the MHD model com-
pared to a rate of 0.2 for the same resistivity in the Hall
MHD simulation. While this difference is not really large, it
is remarkable that the results for the Hall approximation are
largely independent of the particular choice for the current
dependent resistivity model and show very little dependence
on the initial perturbation. The reconnection geometry in
the Hall MHD cases is strikingly different from that for the
traditional MHD in the considered cases. The diffusion re-
gion is short (of the order of the ion inertia length) and the
ion flow structure deviates significantly from that seen in the
MHD cases.

These results are largely consistent with results from full
particle, hybrid, two fluid, and other Hall MHD models
in this reconnection challenge (GEMSUM). However, even
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Figure 8. Two-dimensional plot of plasma velocity (ar-
rows), magnetic field lines, and ion current density on the
left and total electric current density on the right for the re-
sistivity model 1 and Hall MHD at time ¢ = 15.
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Figure 9. Two-dimensional plot of electron velocity (ar-

rows), magnetic field lines, and electron current density

(along y) on the left and the magnetic field component B,

on the right for the resistivity model 1 and Hall MHD at time
t =15.

though the present results agree relatively well, the results do
not establish a universal reconnection rate or process. The
chosen configuration is only one particular example. Unre-
solved questions are for instance, How does the reconnection
dynamics change if the typical length scale of the configura-
tion is much larger than the ion inertial scale? If reconnec-
tion occurs on the 1on inertia scale, do large-scale structures
such as magnetic flux transfer events or plasmoids contain
any information on the nature of the diffusion region? The
role of whistler dynamics is reduced in the presence of an
initial B, component which is typical for many space plasma
currents. What are the important configurational aspects of
three-dimensions and what other instabilities will play a role
in three dimensions? Any of these topics may modify the
present results.
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